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A VARIANT OF K-THEORY AND TOPOLOGICAL T-DUALITY
FOR REAL CIRCLE BUNDLES
KIYONORI GOMI
Abstract. For a space with involutive action, there is a variant of K-theory.
Motivated by T-duality in type II orbifold string theory, we establish that a
twisted version of the variant enjoys a topological T-duality for Real circle
bundles, i.e. circle bundles with real structure.
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1. Introduction
1.1. A variant of K-theory. Topological K-theory has various variants. Among
them, the variant K±(X) concerned to this paper is that introduced in Witten’s
paper [37]. While K±(X) is originally introduced in a context of string theory,
it also appears in Rosenberg’s Ku¨nneth formula for equivariant K-theory [31] in
a different notation. As is pointed out in [2], we can regard K±(X) as a twisted
equivariant K-theory [10]. We can also regard K± as a part of an RO(Z/2)-graded
equivariant cohomology theory, as in [25].
The definition of K±(X) itself is very simple: For a space X with an involutive
action τ : X → X , i.e. a Z/2-action, Kn±(X) is defined through the Z/2-equivariant
K-theory [33] as follows:
Kn±(X) = K
n+1
Z/2 (X × I˜ , X × ∂I˜),
where I˜ = [−1, 1], and Z/2 acts on X × I˜ by (x, t) 7→ (τ(x),−t). The variant
Kn±(X) obeys the Bott periodicity clearly, and fits into the exact sequence:
K1±(X) ←−−−− K
1(X)
f
←−−−− K1
Z/2(X)y x
K0
Z/2(X)
f
−−−−→ K0(X) −−−−→ K0±(X),
where f is to forget the Z/2-actions. From this, if the Z/2-action is trivial, then
Kn±(X)
∼= Kn+1(X).
Other basic properties are summarized in the body of this paper.
1.2. Main theorem. Our main theorem is a version of ‘topological T-duality’.
This duality originates from T-duality in string theory, and is first discussed by
Bouwkneght, Evslin and Mathai [5]. Nowadays the duality is generalized to various
cases by many authors. Its simplest form following Bunke and Schick [9] is as
follows: Let (E, h) be a pair consisting of a (principal) circle bundle π : E → X and
a cohomology class h ∈ H3(E;Z). Then there exists another pair (Eˆ, hˆ) consisting
of a circle bundle πˆ : Eˆ → X and hˆ ∈ H3(Eˆ;Z) such that:
c1(Eˆ) = π∗h, c1(E) = πˆ∗hˆ, K
h+n(E) ∼= K hˆ+n−1(Eˆ),
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where π∗ : H
3(E,Z) → H2(X ;Z) and πˆ∗ : H
3(Eˆ;Z) → H2(X ;Z) are the push-
forward along the projections, Kh+∗(E) and Kh+∗(Eˆ) twisted K-theory [18, 30].
In our main theorem, circle bundles are generalized to Real circle bundles, and
twisted K-theory to Z/2-equivariant twisted K-theory and its variant.
By a Real circle bundle, we mean a principal S1-bundle π : E → X on a space
X with Z/2-action such that a lift τ : E → E of the Z/2-action on X satisfies
τ2(ξ) = ξ and τ(ξu) = τ(ξ)u−1 for all ξ ∈ E and u ∈ S1. This notion is essentially
equivalent to that of Real line bundles, i.e. complex line bundles with real structure
in the sense of [1]. If we construct an invariant Hermitian metric on a Real line
bundle by average, then its unit sphere bundle gives rise to a Real circle bundle.
Conversely, there is the Real line bundle associated to a Real circle bundle. As
usual, the choice of a Hermitian metric does not matter in classifications.
As is well-known, circle bundles (or complex line bundles) on a space X are
classified by the second integral cohomology H2(X) = H2(X ;Z). There is an equi-
variant analogue of this fact ([20]), and Z/2-equivariant circle bundles are classified
by the equivariant cohomology H2
Z/2(X) = H
2
Z/2(X ;Z) in the sense of Borel. There
also exists a Real analogue: Real (principal) circle bundles, or equivalently Real
(complex) line bundles, are classified by a variant of ordinary cohomology
H2±(X) = H
3
Z/2(X × I˜ , X × ∂I˜;Z).
This classification is due to Kahn [23], in view of the fact that the Thom isomor-
phism identifies H2±(X) with the equivariant cohomology with local coefficients
H2
Z/2(X ;Z(1)), where Z(1) is the group Z with the Z/2-action n 7→ −n. We
write cR1 (E) ∈ H
2
±(X) for the cohomology class classifying a Real circle bundle
π : E → X . Then we get the following Gysin sequence:
· · · → Hn−2± (X)
cR1 (E)∪→ Hn
Z/2(X)
π∗
→ Hn
Z/2(E)
π∗→ Hn−1± (X)→ · · · .
Now, one of our main theorems concerns a pair (E, h) consisting of a Real circle
bundle π : E → X and a cohomology class h ∈ H3
Z/2(E). By an isomorphism
of pairs φ : (E, h) → (E′, h′), we mean an isomorphism of Real circle bundle
φ : E → E′ covering the identity of X such that φ∗h′ = h.
Theorem 1.1. Let X be a space with Z/2-action.
(a) For any pair (E, h) on X, there exists another pair (Eˆ, hˆ) such that:
cR1 (Eˆ) = π∗h, c
R
1 (E) = πˆ∗hˆ, c
R
1 (E) ∪ c
R
1 (Eˆ) = 0, p
∗h = pˆ∗hˆ,
where p and pˆ are the projections from E ×X Eˆ = π
∗Eˆ = πˆ∗E:
E ×X Eˆ
p ւ ց pˆ
E Eˆ
π ց ւ πˆ
X.
We call (Eˆ, hˆ) a pair T-dual to (E, h).
(b) The isomorphism class of a pair (Eˆ, hˆ) T-dual to (E, h) is unique.
(c) The isomorphism class of a pair (Eˆ, hˆ) T-dual to (E, h) depends only on
the isomorphism class of (E, h).
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(d) Let (E, h) be a pair on X, and (Eˆ, hˆ) its T-dual pair. Then (Eˆ, hˆ+ πˆ∗η) is
a pair T-dual to (E, h+ π∗η) for any η ∈ H3
Z/2(X ;Z).
(e) Let Pair(X) denote the isomorphism classes of pairs on X. The assignment
of a T-dual pair (E, h) 7→ (Eˆ, hˆ) induces a natural Z/2-action on Pair(X)
compatible with the action of H3
Z/2(X ;Z) in (d).
Given h ∈ H3
Z/2(X) = H
3
Z/2(X ;Z), we writeK
h+n
Z/2 (X) for the twisted equivariant
K-theory. According to its definition, the variant also gets twisted: Kh+n± (X).
Generally, we can also consider a twist by H1
Z/2(X ;Z/2). Such twists will be
omitted for simplicity in the present paper, except for a special case: Let R1
be the real line bundle X × R with the Z/2-action τ(x, ξ) = (τ(x),−ξ), and
w
Z/2
1 (R1) ∈ H
1
Z/2(X ;Z/2) its equivariant first Stiefel-Whitney class. Then, by
the Thom isomorphism theorem, we have
K
w
Z/2
1 (R1)+h+n
Z/2 (X)
∼= Kh+n± (X), K
w
Z/2
1 (R1)+h+n
± (X)
∼= Kh+n
Z/2 (X),
which allows us to handle the twist by w
Z/2
1 (R1) implicitly.
We now state the other main theorem:
Theorem 1.2. Let (E, h) be a pair on a finite Z/2-CW complex X, and (Eˆ, hˆ) a
pair T-dual to (E, h). For any n ∈ Z, there exist K∗
Z/2(X)-module isomorphisms
T : Kh+n
Z/2 (E)→ K
hˆ+n−1
± (Eˆ), T : K
h+n
± (E)→ K
hˆ+n−1
Z/2 (Eˆ).
The notion of a Z/2-CW complex is a generalization of that of a CW complex
[25]. In general, for a compact Lie group G, a G-CW complex is a space with
G-action constructed from G-cells and attaching G-maps as in the case of a usual
CW complex. A G-cell is a G-space of the form G/H × ed, where H ⊂ G is
a closed subgroup, ed is a usual d-dimensional cell, and G acts on G/H by the
left multiplication but on ed trivially. A compact smooth manifold with smooth
G-action provides an example of a finite G-CW complex.
If Z/2 acts on X freely, then a Real (principal) circle bundle on X yields a
(general) circle bundle on X/Z2 in the sense of Baraglia [4], and our main theorem
recovers his topological T-duality for such circle bundles.
The proof of our main theorem is topological: To prove Theorem 1.1, we employ
ideas of Baraglia [4] as well as Bunke and Schick [9]. We are not using the idea
of a classifying space in [9], but such an approach is possible (see Subsection 5.6).
The proof of Theorem 1.2 is parallel to that in [9], except for a modification of the
T-dual transformation due to the fact that a Real circle bundle is not necessarily
equivariantly K-orientable.
1.3. Background from string. We here try to explain the background of the
main theorem: orbifolding of string theory.
It is widely recognized [37] that the Ramond-Ramond charges of D-branes in the
superstring theory of type IIA, IIB and type I live in the even K-theory K0(X),
the odd K-theory K1(X), and KO-theory KO(X), respectively. T-duality is one of
dualities relating superstring theories (see e.g. [36]). For instance, IIA and IIB the-
ories are T-dual on the toroidal compactifications along 1-dimension. This means
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that IIA and IIB theory, which are formulated on R10 originally, give rise to ‘equiv-
alent’ theories on R9 × S1. This equivalence is compatible with the K-theoretic
description of D-brane charges, since there is an isomorphism [22]:
Kn(X × S1) ∼= Kn−1(X × S1).
The work of Bouwkneght, Evslin and Mathai [5] came from an attempt to generalize
the above relation ofK-theory on the trivial circle bundleX×S1 → X to non-trivial
bundles in a way consistent with other background of string theory.
Aside from a compactification, there is another recipe to produce a theory from
string theory, called orbifolding (see [15, 34]). Roughly, this recipe is to take into
account a symmetry of a superstring theory. An action of a group on the spacetime
R10 gives rise to a symmetry. Apart from such an ‘external’ symmetry, there
also exist ‘internal’ symmetries. For example, we can switch the orientation of a
string. This Z/2-symmetry, which makes sense in IIB theory, is often denoted by Ω.
Another internal symmetry is the Z/2-symmetry (−1)FL in type II theory, which
acts according to the left moving spacetime fermion number. In general, we use
a mixture of these symmetries to orbifold. In the case where Ω is included, an
orbifolding is called an orientifolding.
Upon orbifolding, the home of D-brane charges, i.e. K-theory, is to be modified
accordingly [37]: For the external symmetry given by a group action, the modifi-
cation of K-theory is equivariant K-theory. For Ω, the modification is KR-theory
[1]. Then, for (−1)FL , the modification is the variant K±.
Note that orbifolding happens to relate string theories also. For example, the
orientifolding of IIB theory by Ω gives rise to type I theory, and the orbifolding of
IIB theory by (−1)FL to IIA theory. These relations of theories are compatible with
those of K-theories: If Z/2 acts on a space X trivially, then there are isomorphisms
KRn(X) ∼= KOn(X) and Kn±(X)
∼= Kn+1(X).
Now, we come to the point. The compatibility of dualities and orbifolding is an
issue of physicists, and is tested in various cases. As a case where the compatibility
is valid [15, 12, 34], we consider the 2k-dimensional torus T 2k = R2k/Z2k with
the Z/2-action I2k : ~x → −~x. Then, by T-duality, the orbifolding of IIA theory
compactified on T 2k by I2k is related to the orbifolding of IIB theory compactified
on T 2k by (−1)FLI2k, the mixture of the spatial symmetry I2k and the internal
symmetry (−1)FL . In this case, the compatibility of K-theories is also verified in
[12]. Actually, for any Z/2-space X and the torus T ℓ with the Z/2-action ~x 7→ −~x,
a repeated use of the Gysin sequence provides us the isomorphisms:
Kn
Z/2(X × T
ℓ) ∼= (KnZ/2(X)⊕K
n−1
± (X))
⊕2ℓ−1 ,
Kn±(X × T
ℓ) ∼= (Kn±(X)⊕K
n−1
Z/2 (X))
⊕2ℓ−1 .
In view of these isomorphisms and the original topological T-duality, it is now
natural to anticipate our topological T-duality.
1.4. Outline of the paper. This paper is roughly divided into two parts: The
former part reviews H± and K±, and the latter proves the main theorems.
In Section 2, we begin with Borel’s equivariant cohomology (with local coeffi-
cients), and then review basic properties of H± including the Thom isomorphism
theorem. The Chern classes of Real vector bundles are also reviewed here. In
Section 3, we recall equivariant twisted K-theory briefly and then introduce the
6 K. GOMI
twisted version of K±. Though is parallel to H±, some basic properties of K±
are summarized for later convenience. After these preliminary, in Section 4, we
determine the ring structure of K∗
Z/2(T
2) ⊕K∗±(T
2), whose corollary is necessary
for the proof of Theorem 1.2. Then, in Section 5, we prove our main theorems. An
example illustrating the theorems, a construction of the classifying space for pairs,
and a proposal of a possible topological T-duality are also given in this section.
Finally, in Appendix A, we prove Kahn’s classification of Real line bundles [23],
supplying some details omitted in his original French paper.
1.5. Convention. Throughout the paper, we denote by Z/2 = {0, 1} the cyclic
group of order 2. We also use the notation Z2 = {±1} to mean Z/2, in the context
where the group product is treated multiplicative, or in order to suppress notations.
The trivial 1-dimensional real representation of Z/2 will be denoted by R0, while
the non-trivial one by R1 or R˜. The interval [−1, 1] ⊂ R1 will be written as I˜.
Similarly, the trivial 1-dimensional complex representation of Z/2 will be denoted
by C0 and the non-trivial one by C1. The representation ring R(Z/2), generated
by complex representations of Z/2, will be identified with R = Z[t]/(t2 − 1). The
ideals I and J in R are defined by I = (1 − t) and J = (1 + t). Some details of
these ideals can be found in the appendix of [27].
All spaces in this paper are assumed to be locally contractible, paracompact and
completely regular, as in [10]. For a Z/2-space X , i.e. a space equipped with a
Z/2-action, we write τ : X → X for the action of the non-trivial element in Z/2.
According to the context, we also use the notation gx to mean the point x ∈ X
acted by g ∈ Z2. Given another space Y with Z/2-action, the direct product X×Y
is always given the Z/2-action (x, y) 7→ (τ(x), τ(y)). We will write pt for the space
consisting of a single point, on which Z/2 acts trivially. For a (real or complex)
representation V of Z/2, we write V for the Z/2-equivariant vector bundle on X
such that its underlying space is X × V and Z/2 acts by τ(x, v) = (τ(x), τ(v)).
Basically, S1 stands for the circle with the trivial Z/2-action, and S˜1 for the circle
S1 ⊂ C with the Z/2-action u 7→ u¯ = u−1.
Finally, we use ‘Real’ to mean the real structure in the sense of [1].
2. A variant of cohomology: H±
This section reviews H±: After recalling Borel’s equivariant cohomology (with
local coefficients), we review the definition of H±, its basic properties, its interpre-
tation as a cohomology with local coefficients, the Thom isomorphism for Real line
bundles, and the Chern classes of Real vector bundles.
2.1. Review of Borel’s equivariant cohomology. To begin with, we recall
Borel’s equivariant cohomology: Let EZ2 → BZ2 denote the universal principal
Z/2-bundle. For a space X with Z/2-action, we write EZ2 ×Z2 X for the quotient
of EZ2 × X by the Z/2-action τ(ξ, x) = (τ(ξ), τ(x)). Then, for n ∈ Z, we define
the Z/2-equivariant cohomology group to be the singular cohomology group of
EZ2 ×Z2 X :
Hn
Z/2(X) = H
n
Z/2(X ;Z) = H
n(EZ2 ×Z2 X ;Z).
The cup product in singular cohomology induces that in the equivariant cohomol-
ogy H∗
Z/2(X), making it into a (graded-commutative) ring. The collapsing map
X → pt induces the projection EZ2 ×Z/2 X → BZ2, and hence a ring homomor-
phism H∗
Z/2(pt)→ H
∗
Z/2(X). With this ring homomorphism and the cup product,
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H∗
Z/2(X) gives rise to a module over the ring H
n
Z/2(pt) = H
∗(BZ2) ∼= Z[t]/(2t),
where t ∈ H2(BZ2).
Since the singular cohomology constitutes a (generalized) cohomology theory,
the equivariant cohomology also constitutes a (generalized) Z/2-equivariant coho-
mology theory: The relative cohomology H∗
Z/2(X,Y ) is defined for a pair (X,Y )
consisting of a Z/2-space X and its invariant closed subspace Y . Then the homo-
topy axiom, the excision axiom, the exactness axiom as well as the additivity axiom
hold true.
Associated to this Z/2-equivariant cohomology, the reduced cohomology theory
also makes sense: In the case where a Z/2-space X has a fixed point pt ∈ X , the
reduced theory H˜n
Z/2(X) is defined as the kernel of the homomorphism H
n
Z/2(X)→
Hn
Z/2(pt) induced from the inclusion pt → X . Then we have the natural decom-
position Hn
Z/2(X)
∼= H˜n
Z/2(X) ⊕H
n
Z/2(pt) as usual. We also have an isomorphism
H˜n
Z/2(ΣX)
∼= H˜n−1
Z/2 (X), where we let Z/2 act on an interval I trivially and define
the reduced suspension ΣX to be ΣX = X ∧ S1 = (X × I)/(pt× I ∪X × ∂I).
By the similar argument as above, H∗
Z/2(X) enjoys the Thom isomorphism theo-
rem for Z/2-equivariant real vector bundles admitting Z/2-equivariant orientation,
such as Z/2-equivariant complex vector bundles. From the Thom isomorphism
theorem, the Gysin exact sequence is derived.
Notice that, for a Z/2-equivariant real vector bundle V → X , the obstruction to
the equivariant orientability is the equivariant first Stiefel-Whitney class w
Z/2
1 (V ) ∈
H1
Z/2(X ;Z/2) = H
1
Z/2(EZ2 ×Z2 X ;Z/2). In the case where V is equivariantly
non-orientable, the Thom isomorphism theorem and the Gysin sequence involve
equivariant cohomology with local coefficients.
2.2. Equivariant cohomology with local coefficients. As the coefficients of
the usual singular cohomology are generalized to local coefficients (see [11, 35]
and [4] for example), the coefficients of Borel’s equivariant cohomology are also
generalized to local coefficients.
Let X be a space with Z/2-action. In general, a module M over the group
π1(EZ2 ×Z2 X) defines a local system on EZ2 ×Z2 X . Using this local system, we
define the equivariant cohomology with local coefficients in M:
Hn
Z/2(X ;M) = H
n(EZ2 ×Z2 X ;M).
We are particularly interested in modules Z whose underlying groups are Z. In
this case, the module structure on Z defines a homomorphism of groups π1(EZ2×Z2
X)→ Z/2, and vice verse. Such homomorphisms are in one to one correspondence
with elements in H1
Z/2(X ;Z/2). Thus, identifying the local system Z with an
element ω ∈ H1
Z/2(X ;Z/2), we put
Hω+n
Z/2 (X) = H
n
Z/2(X ;Z).
This notation, which regards a local system as a kind of grading, is justified by the
existence of the cup product
∪ : Hω+n
Z/2 (X)×H
ω′+n′
Z/2 (X) −→ H
ω+ω′+n+n′
Z/2 (X).
The cohomology H1
Z/2(X ;Z/2) classifies Z/2-equivariant real line bundles L → X
through their equivariant first Stiefel-Whitney class. Thus, such a line bundle L
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also plays a role of a local system. In this case, we write
HL+n
Z/2 (X) = H
w
Z/2
1 (L)+n
Z/2 (X).
With the notation above, the Thom isomorphism theorem is generalized as fol-
lows: Let π : V → X be a Z/2-equivariant real vector bundle of rank r. We write
detV for the equivariant real line bundle given by the determinant line bundle of
V . Then, for any n ∈ Z, there is an isomorphism of H∗
Z/2(X)-modules
HL+n
Z/2 (X)
∼= H
π∗(L⊗detV )+n+r
Z/2 (D(V ), S(V )),
where D(V ) and S(V ) are the disk bundle and the sphere bundle associated to
a Z/2-invariant Riemannian metric on V . As usual, the Thom class ΦZ/2(V ) ∈
Hπ
∗ detV+r
Z/2 (D(V ), S(V )) of V is the image of 1 ∈ H
0
Z/2(X) under the Thom isomor-
phism. Then the Thom isomorphism HL+n
Z/2 (X)→ H
π∗(L⊗detV )+n+r
Z/2 (D(V ), S(V ))
is realized as x 7→ π∗x ∪ΦZ/2(V ).
On a spaceX with Z/2-action, there always exists a particular local system Z(m)
for each m ∈ Z. This appears in a number of works such as [23, 29], and is defined
to be the group Z on that π1(EZ2×Z2 X) acts through the natural homomorphism
in the homotopy exact sequence for the fibration X → EZ2 ×Z2 X → BZ2:
π1(X)→ π1(EZ2 ×Z2 X)→ π1(BZ2) = Z/2.
The local system Z(m) corresponds to the Z/2-equivariant real line bundle Rm
such that its underlying real line bundle is X × R and the Z/2-action is τ(x, r) =
(τ(x), (−1)mr). Note that Rm on X is the pull-back of Rm on pt.
Taking Z(m) or equivalently Rm as a local system, we get
H
Rm+n
Z/2 (X) = H
n
Z/2(X ;Z(m)).
These cohomology groups assemble to give the ring
⊕
m,nH
Rm+n
Z/2 (X) graded by
the real representation ring RO(Z/2) = Z⊕Z. We can also regard that this ring is
graded by Z⊕ Z/2 due to the periodicity Z(m+ 2) = Z(m) or Rm+2 = Rm.
It should be noticed that R1 may become trivial depending on the base space
X . For example, if X = Y ⊔ Y is the disjoint union of two copies of a space Y and
Z/2 acts on X by exchanging the copies, then w
Z/2
1 (R1) = 0. On the other hand,
if X is connected, then w
Z/2
1 (R1) 6= 0.
For computations of H∗
Z/2(X ;Z(m)), useful is the Serre spectral sequence for the
fibration X → EZ2 ×Z2 X → BZ2, which reads
Ep,q2 = H
p
group(Z2;H
q(X ;Z)⊗ Z(m)) =⇒ H∗
Z/2(X ;Z(m)).
In the above, H∗group(Z2;M) stands for the group cohomology [7] of Z2 with its
coefficients in a Z/2-module M, and the cohomology Hq(X ;Z) is regarded as a
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Z/2-module by the Z/2-action induced from that on X . It is know that:
Hngroup(Z2;Z(0))
∼=


Z, (n = 0)
Z/2, (n > 0 even)
0, (otherwise)
Hngroup(Z2;Z(1))
∼=
{
Z/2, (n > 0 odd)
0. (otherwise)
2.3. Definition of H±.
Definition 2.1. For a space X with Z/2-action and n ∈ Z, we put
Hn±(X) = H
n
±(X ;Z) = H
n+1
Z/2 (X × I˜ , X × ∂I˜;Z),
where I˜ = [−1, 1] is endowed with the Z/2-action t 7→ −t.
By the definition based on the Z/2-equivariant cohomology, Hn±(X) is a (graded)
module over the ring H∗
Z/2(pt). Moreover, H
n
±(X) is a (graded) module over the
ring H∗
Z/2(X). We can further introduce a graded commutative multiplication
Hm± (X)×H
n
±(X)→ H
m+n
Z/2 (X).
This is the composition of
Hm± (X)×H
n
±(X) = H
m+1
Z/2 (X × I˜ , X × ∂I˜)×H
n+1
Z/2 (X × I˜ , X × ∂I˜)
→ Hm+n+2
Z/2 (X × I˜
2, X × ∂I˜2)
∼= Hm+n
Z/2 (X),
in which the Thom isomorphism for the equivariant real vector bundle C1
∼= R1⊕R1
is applied. By construction, the multiplication is compatible with the structure of
the module overH∗
Z/2(X). Hence the ringH
∗
Z/2(X) and the moduleH
∗
±(X) combine
to form a Z⊕ Z/2-graded ring
H
∗(X) = H∗
Z/2(X)⊕H
∗
±(X).
In the case where Y ⊂ X is an invariant closed subspace, we define the relative
group Hn±(X,Y ) as follows:
Hn±(X,Y ) = H
n
±(X,Y ;Z) = H
n+1
Z/2 (X × I˜ , Y × I˜ ∪X × ∂I˜;Z).
Using this relative version, we can recover H∗
Z/2 from H
∗
±:
Lemma 2.2. For any space X with Z/2-action and n ∈ Z, we have a natural
H∗
Z/2(X)-module isomorphism
Hn
Z/2(X)
∼= Hn+1± (X × I˜ , X × ∂I˜).
Proof. The Thom isomorphism for C1 and the definition of H
∗
± give:
Hn
Z/2(X)
∼= Hn+2
Z/2 (D(C1), S(C1))
∼= Hn+2
Z/2 (X × I˜
2, X × ∂I˜2) ∼= Hn+1± (X × I˜ , X × ∂I˜),
which respects the H∗
Z/2(X)-module structures. 
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2.4. Basic property of H±. Because of the definition via H
∗
Z/2, the cohomology
groups H∗±(X) constitute a Z/2-equivariant cohomology theory as well: The homo-
topy, excision, exactness and additivity axioms are satisfied. There also exists the
corresponding reduced theory H˜∗±(X) = H
∗
±(X, pt) for Z/2-spaces with fixed point.
As usual, we have Hn±(ΣX)
∼= Hn−1± (X). It also holds that H˜
n
±(Σ˜X)
∼= H˜n−1
Z/2 (X)
and H˜n
Z/2(Σ˜X)
∼= H˜n−1± (X), where Σ˜X = X ∧ S˜
1 = (X × I˜)/(pt× I˜ ∪X × ∂I˜).
To compute H∗±, the following is useful:
Proposition 2.3. For any space X with Z/2-action, there are natural exact se-
quences of modules over H∗
Z/2(X):
· · · → Hn−1± (X)
δ
→ Hn
Z/2(X)
f
→ Hn(X)→ Hn±(X)
δ
→ · · · ,
· · · → Hn−1
Z/2 (X)
δ′
→ Hn±(X)
f ′
→ Hn(X)→ Hn
Z/2(X)
δ′
→ · · · ,
where f and f ′ are the map forgetting the Z/2-action.
Proof. The first exact sequence directly follows from the exact sequences for the
pair (X × I˜ , X × ∂I˜) in H∗
Z/2. For the second one, we similarly consider the exact
sequence for the pair in H∗±:
· · · → Hn±(X × I˜ , X × ∂I˜)→ H
n
±(X × I˜)→ H
n
±(X × ∂I˜)→ · · · .
We have Hn±(X× I˜ , X×∂I˜)
∼= Hn−1
Z/2 (X) by Lemma 2.2, and H
n
±(X× I˜)
∼= Hn±(X)
since I˜ is equivariantly contractible. We also have a module isomorphism
Hn±(X × ∂I˜) = H
n+1
Z/2 (X × ∂I˜ × I˜ , X × ∂I˜ × ∂I˜)
∼= Hn+1(X × I˜ , X × ∂I˜) ∼= Hn(X),
since Z/2 acts on ∂I˜ freely. 
Using the proposition above, we can determine the cohomology ring of pt:
Proposition 2.4. We have a ring isomorphism
H
∗(pt) = H∗
Z/2(pt)⊕H
∗
±(pt)
∼= Z[t
1
2 ]/(2t
1
2 ),
where t
1
2 corresponds to the additive generator of H1±(pt) = Z/2. In low degree:
0 1 2 3 4 5
Hn
Z/2(pt) Z 0 Z/2 0 Z/2 0
Hn(pt) Z 0 0 0 0 0
Hn±(pt) 0 Z/2 0 Z/2 0 Z/2
Proof. Recall the ring isomorphism H∗
Z/2(pt)
∼= Z[t]/(2t). The first exact sequence
in Proposition 2.3 immediately gives
Hn±(pt) =
{
Z/2, (n = 1, 3, 5, . . .)
0. (otherwise)
Further, δ in the exact sequence is a map of modules over H∗
Z/2(pt), which deter-
mines the module structure on H∗±(pt). Explicitly, if we write s ∈ H
1
±(pt) for the
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non-trivial element, then t2is ∈ H2i+1± (pt) is the additive generator. Now, to deter-
mine the ring structure in question, it suffices to determine whether s2 ∈ H2
Z/2(pt)
is trivial or not. For this aim, we consider the following diagram:
H1±(pt)×H
1
±(pt)
1×δ
−−−−→ H1±(pt)×H
2
Z/2(pt)y y
H2
Z/2(pt)
δ′
−−−−→ H3±(pt),
where the vertical maps are the multiplications. Recalling the definitions of δ, δ′
and H∗±, we can show the commutativity of the diagram above. Hence we get
δ′(s2) = st 6= 0. Because δ′ is an isomorphism in the present case, we conclude
s2 6= 0, so that s2 = t. Setting s = t1/2, we complete the proof. 
Because of its definition by means of equivariant cohomology, the Thom iso-
morphism for Z/2-equivariantly orientable real vector bundle in H∗
Z/2 is directly
imported to H∗±. Accordingly, there exists the Gysin sequence for sphere bundles.
2.5. H± as a cohomology with local coefficients. We now state the interpre-
tation of H∗± as an equivariant cohomology with local coefficients.
Proposition 2.5. Let X be a space with Z/2-action. For any n ∈ Z, we have an
isomorphism of H∗
Z/2(X)-modules:
Hn±(X)
∼= H
R1+n
Z/2 (X) = H
n
Z/2(X ;Z(1)).
Proof. The Thom isomorphism for R1 gives
HR1+n
Z/2 (X)
∼= Hn+1
Z/2 (D(R1), S(R1))
∼= Hn+1
Z/2 (X × I˜ , X × ∂I˜).
The definition of H∗± completes the proof. 
The cup product in equivariant cohomology with local coefficients is compati-
ble with the multiplication defined in Subsection 2.3 through the isomorphism in
Proposition 2.5, because ΦZ/2(R1)ΦZ/2(R1) = ΦZ/2(C1). Therefore the graded ring
H∗(X) is isomorphic to ⊕m,nH
n
Z/2(X ;Z(m)).
As a simple application of Proposition 2.5, we have:
Proposition 2.6. For any space X with Z/2-action and n ∈ Z, the maps δ and δ′
in Proposition 2.3 have the following realizations:
δ : Hn±(X)→ H
n+1
Z/2 (X), x 7→ x ∪ t
1/2,
δ′ : Hn
Z/2(X)→ H
n+1
± (X), x 7→ x ∪ t
1/2,
where t1/2 ∈ H1±(pt) = Z/2 is the generator.
Proof. By Proposition 2.5, we can identify the exact sequences in Proposition 2.3
with the Gysin sequences for the sphere bundle S(R1)→ X , and the generator t
1/2
with the Euler class ΦZ/2(R1). 
12 K. GOMI
Corollary 2.7. The compositions
Hn±(X)
δ
→ Hn+1
Z/2 (X)
δ′
→ Hn+2± (X),
Hn
Z/2(X)
δ′
→ Hn+1± (X)
δ
→ Hn+2
Z/2 (X)
are the multiplication of t ∈ H2
Z/2(pt).
It is well-known that the equivariant cohomology of a space X with free Z/2-
action is Hn
Z/2(X)
∼= Hn(X/Z2) = H
n(X/Z2;Z). Another simple application of
Proposition 2.5 gives the corresponding result for H∗±:
Lemma 2.8. For a space X with free Z/2-action, there exists a natural isomor-
phism of groups
Hn±(X)
∼= HR1/Z2+n(X/Z2),
where R1/Z2 → X/Z2 is the real line bundle given by taking the quotient of the
equivariant real line bundle R1 → X.
We remark that the isomorphism above makes HR1/Z2+n(X/Z2) into a module
over H∗
Z/2(X). We remark also that R1/Z2
∼= X ×Z2 R1.
Proof. By Proposition 2.5, we have Hn±(X)
∼= H
R1+n
Z/2 (X). Since the Z/2-action is
free, everything descend to the quotient. 
2.6. Thom isomorphism for Real line bundle. Let X be a space with Z/2-
action, and π : R → X a Real line bundle, that is, a complex line bundle with
real structure. Forgetting its complex structure, we get a real vector bundle of
rank 2, which we denote by RR. Though R is not equivariant as a complex vector
bundle, the real vector bundle RR is equivariant. We thus get the determinant
bundle detRR = detRR, which is a Z/2-equivariant real vector bundle of rank 1.
Lemma 2.9. For any Real line bundle π : R→ X over a space X with Z/2-action,
there is a natural isomorphism of Z/2-equivariant real vector bundles:
detRR ∼= R1.
In particular, w
Z/2
1 (R) = w
Z/2
1 (R1) in H
1
Z/2(X ;Z/2).
Proof. If we forget about the Z/2-action, then the determinant bundle detRR
admits a canonical section. Explicitly, the value of the section at x ∈ X is
v ∧ Jv ∈ detRR, where v ∈ R is any unit norm element (with respect to a Z/2-
invariant Hermitian metric) and J : R → R is the multiplication of i ∈ C. This
section defines an isomorphism detRR ∼= R1 of the underlying bundles. Recalling
that R is a Real vector bundle, we compute the Z/2-action on the section to have
τ(v ∧ Jv) = τ(v) ∧ τ(Jv) = τ(v) ∧ (−Jτ(v)) = −τ(v) ∧ Jτ(v).
This proves that the isomorphism detRR ∼= R1 is Z/2-equivariant. 
Theorem 2.10 (Thom isomorphism). Let X be a space with Z/2-action. For any
Real line bundle π : R → X and n ∈ Z, we have natural isomorphisms of modules
over H∗
Z/2(X):
Hn
Z/2(X)
∼= Hn+2± (D(R), S(R)), H
n
±(X)
∼= Hn+2
Z/2 (D(R), S(R)).
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If we write Φ±(R) ∈ H
2
±(D(R), S(R)) for the image of 1 ∈ H
0
Z/2(X), then the
isomorphisms are given by x 7→ π∗x ∪ Φ±(R).
Proof. This is a direct consequence of the Thom isomorphism theorem in equivari-
ant cohomology with local coefficients, Lemma 2.9 and Proposition 2.5. 
In the same way as usual, we define the Euler class χR(R) ∈ H
2
±(X) of a Real
line bundle π : R→ X to be the image of 1 ∈ H0
Z/2(X) under the composition of
H0
Z/2(X)
Thom
→ H2±(D(R), S(R))→ H
2
±(D(R))
∼= H2±(X).
Similarly, we define the push-forward π∗ : H
n
±(S(R))→ H
n−1
Z/2 (X) along π : S(R)→
X to be the composition of
Hn±(S(R))→ H
n+1
± (D(R), S(R))
Thom
→ Hn−1
Z/2 (X).
The push-forward π∗ : H
n
Z/2(S(R)) → H
n−1
± (X) is defined in the same way. Now,
considering the exact sequence for the pair (D(R), S(R)), we get:
Corollary 2.11 (Gysin sequence). For any Real line bundle π : R → X, we have
natural exact sequences of H∗
Z/2(X)-modules:
· · · → Hn−2
Z/2 (X)
χR(R)∪
→ Hn±(X)
π∗
→ Hn±(S(R))
π∗→ Hn−1
Z/2 (X)→ · · · ,
· · · → Hn−2± (X)
χR(R)∪
→ Hn
Z/2(X)
π∗
→ Hn
Z/2(S(R))
π∗→ Hn−1± (X)→ · · · .
In the statements above, H∗
Z/2 and H
∗
± are dealt with separately, so that two
Thom isomorphisms and two Gysin sequences are. If we combine them, then we
get a single Thom isomorphism theorem and a single Gysin exact sequence in H∗
respecting the H∗(X)-module structures.
Let S˜1 be the unit circle S1 ⊂ C whose Z/2-action is u 7→ u¯ = u−1. For any space
X with Z/2-action, the direct product X × S˜1 is the total space of the trivial Real
circle bundle π : X × S˜1 → X . Because of the equivariant section i : X → X × S˜1,
(i(x) = (x, pt)), the Gysin sequences reduce to the split exact sequences:
0→ Hn
Z/2(X)
π∗
→ Hn
Z/2(X × S˜
1)
π∗→ Hn−1± (X)→ 0,
0→ Hn±(X)
π∗
→ Hn±(X × S˜
1)
π∗→ Hn−1
Z/2 (X)→ 0,
so that there are natural H∗
Z/2(X)-module isomorphisms:
Hn
Z/2(X × S˜
1) ∼= HnZ/2(X)⊕H
n−1
± (X),
Hn±(X × S˜
1) ∼= Hn±(X)⊕H
n−1
Z/2 (X),
which are also compatible with the H∗(X)-module structures.
The next lemma, which we use later, is an application of the above splitting.
Lemma 2.12. The following holds true:
(a) We have a ring isomorphism
H
∗(S˜1) = H∗
Z/2(S˜
1)⊕H∗±(S˜
1) ∼= Z[t
1
2 , χ]/(2t
1
2 , χ2 − t
1
2χ),
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where t
1
2 ∈ H1±(pt)
∼= Z/2, and χ ∈ H˜1±(S
1
flip)
∼= Z is the unique element
such that π∗χ = 1. In low degree, we have:
n = 0 n = 1 n = 2 n = 3 n = 4
Hn
Z/2(S˜
1) Z 0 Z2t
1
2χ⊕ Z2t 0 Z2t
3
2χ⊕ Z2t
2
Hn(S˜1) Z Zf ′(χ) 0 0 0
Hn±(S˜
1) 0 Zχ⊕ Z2t
1
2 0 Z2tχ⊕ Z2t
3
2 0
(b) The equivariant map ν : S˜1 → S˜1, (ν(u) = −u) acts on H∗(S˜1) by
ν∗χ = χ+ t1/2, ν∗t1/2 = t1/2.
Proof. We choose a fixed point p ∈ S˜1, which is +1 or −1. Setting i(pt) = p, we
define a section i : pt → S˜1 of the projection π : S˜1 → pt. We use this section to
split the Gysin sequence. If we choose χ ∈ H˜1±(S˜
1) such that π∗χ = 1, then we
have the following basis of H∗(S˜1) respecting the H∗(pt)-module structure:
H0
Z/2(S˜
1) ∼= Z, H2kZ/2(S˜
1) ∼= Z2t
k ⊕ Z2t
2k−1
2 χ,
H1±(S˜
1) ∼= Z2t
1
2 ⊕ Zχ, H2k+1± (S˜
1) ∼= Z2t
2k+1
2 ⊕ Z2t
kχ,
where k ≥ 1. To determine χ2, we cover S˜1 by two intervals U and V such that
U ∼= V ∼= pt and U ∩ V ∼= ∂I˜ equivariantly. In the Mayer-Vietoris sequence for
{U, V }, we find the following surjections:
H1±(S˜
1)→ H1±(U)⊕H
1
±(V ) = Z2t
1/2 ⊕ Z2t
1/2,
H2
Z/2(S˜
1)→ H2
Z/2(U)⊕H
2
Z/2(V ) = Z2t⊕ Z2t.
The image of t1/2 ∈ H1±(S˜
1) is (t1/2, t1/2) ∈ H1±(U ⊔ V ), whereas the image of
χ ∈ H1±(S˜
1) is (0, t1/2) ∈ H1±(U ⊔ V ), provided that U contains the fixed point p.
From these expressions, we conclude χ2 = t1/2χ, completing the proof of (a). The
expressions above also prove (b). 
The Thom isomorphism theorem for Real line bundles is readily generalized to
Real vector bundles π : V → X of rank r > 1. In the case where r is odd, the
Thom isomorphism is similar to the case of r = 1, since detRV = R1. However, in
the case where r is even, we have detRV = R0. Therefore the Thom isomorphisms
have the following form:
Hn
Z/2(X)
∼= Hn+2r
Z/2 (D(V ), S(V )), H
n
±(X)
∼= Hn+2r± (D(R), S(R)).
Accordingly, the Gysin exact sequences are
· · · → Hn−2r
Z/2 (X)
χR(V )∪
→ Hn
Z/2(X)
π∗
→ Hn
Z/2(S(V ))
π∗→ Hn−2r+1
Z/2 (X)→ · · · ,
· · · → Hn−2r± (X)
χR(V )∪
→ Hn±(X)
π∗
→ Hn±(S(V ))
π∗→ Hn−2r+1± (X)→ · · · ,
where the Euler class χR(V ) lives in H
2r
Z/2(X).
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2.7. Chern class of Real vector bundle. For a Real vector bundle π : V → X
over a Z/2-space X , the notion of Chern classes is formulated in [23, 29]. In this
paper, we will write the ith Chern classes of V as
cRi (V ) ∈ H
2i
Z/2(X ;Z(i)).
We will regard cR2j+1(V ) ∈ H
2j+1
± (X) by using Proposition 2.5 freely. These Chern
classes and the usual Chern classes are compatible under the operation of forgetting
Z/2-actions, that is, f and f ′ carry cRi (V ) to ci(V ) ∈ H
2i(X).
Most of the properties of these Chern classes cRi (V ) are parallel to those of the
usual Chern classes. For example, the total Chern class cR(V ) = 1 + cR1 (V ) +
cR2 (V ) + · · · obeys c
R(V ⊕ V ) = cR(V )cR(V ′) for another Real vector bundle V ′.
Also, if V is of rank r, then χR(V ) = c
R
2r(V ). Further, the following classification
of Real line bundles is possible:
Proposition 2.13 ([23]). Let X be a space with Z/2-action. The first Chern class
cR1 induces an isomorphism from the group of isomorphism classes of Real line
bundles on X to H2
Z/2(X ;Z(1))
∼= H2±(X).
We give a proof of this classification in Appendix A.
As is mentioned in Introduction, the notion of Real line bundles and that of Real
circle bundles are essentially the same. Hence the first Chern class cR1 will also be
adapted to Real circle bundles.
As in the case of line bundles without real structure, there exists the classifying
space for Real line bundles (see for example [21] for a proof of this fact): Concretely,
the classifying space for Real line bundles is CP∞ = lim
−→n
CPn with the Z/2-action
induced from the complex conjugation on CPn = (Cn+1\{0})/C∗, and the universal
line bundle on CP∞ gives rise to the universal Real line bundle. Any Real line
bundle R on a Z/2-space X is isomorphic to the pull-back of the universal Real
line bundle under a Z/2-equivariant map φ : X → CP∞, and hence cR1 (R) is the
pull-back of the first Chern class of the universal Real line bundle.
Given a Real line bundle π : R→ X on a spaceX with Z/2-action, its underlying
Z/2-equivariant real vector bundle RR of rank 2 has the third integral Stiefel-
Whitney classW
Z/2
3 (R) =W
Z/2
3 (RR) ∈ H
3
Z/2(X ;Z). This characteristic class is the
obstruction to the existence of Z/2-equivariant Pinc(2)-structure on RR. (See for
example [24] about Pinc-groups and Pinc-structures.)
Proposition 2.14. For any Real line bundle π : R→ X, we have:
W
Z/2
3 (R) = δ(c
R
1 (R)).
As a result, we see that W
Z/2
3 (R) does not generally agrees with W
Z/2
3 (R1) = 0.
(W
Z/2
3 (R1) = 0 follows from H
3
Z/2(pt;Z) = 0.)
We show a few lemmas to prove Proposition 2.14.
Lemma 2.15. Let S1 be the circle with the trivial Z/2-action. Then we have the
following ring isomorphism:
H
∗(S1) = H∗
Z/2(S
1)⊕H∗±(S
1) ∼= Z[t1/2, e]/(2t1/2, e2),
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where t1/2 ∈ H1±(pt;Z)
∼= Z/2 and e ∈ H1
Z/2(S
1) ∼= Z. In low degree:
n = 0 n = 1 n = 2 n = 3 n = 4
Hn
Z/2(S
1) Z Ze Z2t Z2te Z2t
2
Hn(S1) Z Zf(e) 0 0 0
Hn±(S
1) 0 Z2t
1
2 Z2t
1
2 e Z2t
3
2 Z2t
3
2 e
Proof. Since H∗(S1;Z) is of torsion free, an application of the Ku¨nneth formula to
the definition of the equivariant cohomology gives H∗
Z/2(S
1) ∼= H∗
Z/2(pt)⊗ZH
∗(S1).
In the same way, we have H∗±(S
1) ∼= H∗±(pt)⊗Z H
∗(S1). 
Let R → S1 be the Real line bundle such that its underlying line bundle is
R = S1triv × C and Z/2 acts by τ(u, z) 7→ (u, uz¯), where we regard u ∈ S
1 ⊂ C.
Lemma 2.16. W
Z/2
3 (R) 6= 0 in H
3
Z/2(S
1
triv;Z) = Z/2.
Proof. The spectral sequence
Ep,q2 = H
p
group(Z2;H
q(S1;Z)) =⇒ H∗
Z/2(S
1)
degenerates at E2, as is seen by comparing the computation of H
∗
Z/2(S
1) so far.
Hence we have
H3
Z/2(X ;Z)
∼= E
2,1
2 = H
2
group(Z2;H
1(S1;Z)).
With this isomorphism, W
Z/2
3 (R) is computed as follows: We choose an invariant
Hermitian metric on R. If we ignore the group action, then the unoriented frame
bundle of RR is F = S
1 × O(2), and there is the unique Pinc(2)-structure F˜ =
S1 × Pinc(2). We here try to lift the Z/2-action on F to that on F˜ . A candidate
of a lift is expressed as g · (u, η˜) = (u, φ(g;u)η˜) for g ∈ Z2 and (u, η˜) ∈ F˜ by using
a map φ : Z2 × S
1 → Pinc(2). Then we get a group 2-cocycle ζ of Z2 with values
in the group Map(S1, U(1)) of U(1)-valued functions by the formula
φ(g1;u)φ(g2;u) = ζ(g1, g2;u)φ(g1g2;u).
The natural map Map(S1, U(1)) → H1(S1;Z) induces a homomorphism in the
group cohomology H2group(Z2;Map(S
1, U(1))) → H2group(Z2;H
1(S1;Z)). The im-
age of [ζ] ∈ H2group(Z2;Map(S
1, U(1))) under the homomorphism is W
Z/2
3 (RR).
Now, we carry out the computation above concretely. The Z/2-action on F
induced from that on R is identified with τ(eiθ , g) = (eiθ, r(θ)ǫg), where
r(θ) =
(
cos θ − sin θ
sin θ cos θ
)
, ǫ =
(
−1 0
0 1
)
.
To construct a candidate of a lift, we recall the group Pin(2):
Pin(2) = {cos θ + sin θe1e2 ∈ Cl(2)| θ ∈ R/2πZ}
∪ {cos θe1 + sin θe2 ∈ Cl(2)| θ ∈ R/2πZ},
where the Clifford algebra Cl(2) is the algebra over R generated by e1 and e2
subject to the relations e21 = e
2 = −1 and e1e2 + e2e1 = 0. The Z/2-covering
̟ : Pin(2)→ O(2) is given by
̟(cos θ + sin θe1e2) = r(2θ), ̟(cos θe1 + sin θe2) = r(2θ)ǫ
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The group Pinc(2) is then given by
Pinc(2) = (Pin(2)× U(1))/Z2
where Z2 acts on Pin(2)×U(1) by (g, z) 7→ (−g,−z). We write [g, z] ∈ Pin
c(2) for
the element represented by (g, z). Now, we define φ : Z2 × S
1 → Pinc(2) by
φ(1; eiθ) = 1, φ(−1; eiθ) = [cos
θ
2
e1 + sin
θ
2
e2, e
iθ/2][e1e2, 1].
We easily see Z2×F˜ → F˜ , (g, u, η˜) 7→ (u, φ(g;u)η˜) coves the Z/2-action Z2×F → F .
The group 2-cocycle ζ : Z2 × Z2 × S
1 → R computed from φ is then
ζ(1, 1;u) = ζ(1,−1;u) = ζ(−1, 1;u) = 1, ζ(−1,−1;u) = −u,
which is mapped to a non-trivial class in H2group(Z2;H
1(S1;Z)) = Z/2. 
Lemma 2.17. Let CP∞ be the classifying space of Real line bundles. Then we
have the following ring isomorphism:
H
∗(CP∞) = H∗
Z/2(CP
∞)⊕H∗±(CP
∞) ∼= Z[t1/2, c]/(2t1/2),
where t1/2 ∈ H1±(pt;Z)
∼= Z/2, and c ∈ H2
Z/2(CP
∞) ∼= Z is the first Chern class of
the universal Real line bundle. In low degree, we have:
n = 0 n = 1 n = 2 n = 3 n = 4
Hn
Z/2(CP
∞) Z 0 Z2t Z2t
1
2 c Zc2 ⊕ Z2t
2
Hn(CP∞) Z 0 Zf ′(c) 0 Zf(c2)
Hn±(CP
∞) 0 Z2t
1
2 Zc Z2t
3
2 Z2tc
Proof. It is well-known that H∗(CP∞;Z) ∼= Z[c], where c ∈ H2(CP∞;Z) ∼= Z is the
first Chern class of the universal line bundle. The Z/2-space CP∞ is an example
of a spherical conjugation complex [21]. For such a space, the spectral sequence
reviewed in Subsection 2.2 degenerates at the E2-term [29]. Hence H
∗(CP∞) ∼=
Z[t1/2, c]/(2t1/2) at least as an abelian group. Clearly, H1±(CP
∞) ∼= Z/2 has t1/2 ∈
H1±(pt) as its basis. The generator c ∈ H
2
±(CP
∞;Z) ∼= Z agrees with the first Chern
class of the universal Real line bundle, because f : H2±(CP
∞) → H2(CP∞) is the
identity. Using Proposition 2.3, we can verify that H∗(CP∞) ∼= Z[t1/2, c]/(2t1/2) is
actually a ring isomorphism. 
The proof of Proposition 2.14. For a space X with Z/2-action, the assignment of
W
Z/2
3 (R) ∈ H
3
Z/2(X ;Z) to a Real line bundle R→ X defines a natural map W
Z/2
3 :
H2±(X) → H
3
Z/2(X ;Z). Proposition 2.14 is equivalent to W
Z/2
3 = δ. By the natu-
rality, this will be established by showing thatW
Z/2
3 : H
2
±(CP
∞)→ H3
Z/2(CP
∞;Z)
is a non-trivial map Z → Z/2, i.e. the reduction mod 2. For its proof, we use the
commutative diagram from the naturality
H2±(CP
∞)
W
Z/2
3−−−−→ H3
Z/2(CP
∞;Z)
φ∗±
y yφ∗Z/2
H2±(S
1)
W
Z/2
3−−−−→ H3
Z/2(S
1;Z),
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where φ∗± and φ
∗
Z/2 are the pull-back under a map φ : S
1 → CP∞ classifying the
Real line bundle R → S1. Because W
Z/2
3 (R) 6= 0, this Real line bundle is non-
trivial, hence so is φ∗± : Z → Z/2. Clearly, φ
∗
Z/2 : Z/2 → Z/2 is the identity. By
Lemma 2.15, the mapW
Z/2
3 : H
2
±(S
1;Z)→ H3
Z/2(S
1;Z) turns out to be the identity
Z/2→ Z/2 as well, so that W
Z/2
3 : H
2
±(CP
∞)→ H3
Z/2(CP
∞;Z) is non-trivial. 
3. A variant of K-theory: K±
This section reviews K± and its twisted version. The properties of K± are
basically parallel to those of H±, but the differences are to be noticed.
3.1. Review of equivariant twisted K-theory. Twisted K-theory is originally
invented in [18, 30]. Equivariant twisted K-theory is in a sense equivariant K-
theory with local coefficients. We call the datum playing the role of a local system
a twist. Applying the formulation in [10] to the groupoid associated to a space
X with Z/2-action, we have the monoidal category of (equivariant, graded) twists
TwistZ/2(X). The group π0(TwistZ/2(X)) of isomorphism classes of twists on X
fits into the exact sequence:
1→ H3
Z/2(X ;Z)→ π0(TwistZ/2(X))→ H
1
Z/2(X ;Z/2)→ 1.
This exact sequence splits as a set, but not as a group: its extension class
H1
Z/2(X ;Z/2)×H
1
Z/2(X ;Z/2)→ H
3
Z/2(X ;Z)
is given by (α, α′) 7→ β(α ∪ α′), where β : H2
Z/2(X ;Z/2) → H
3
Z/2(X ;Z) is the
Bockstein homomorphism associated to the exact sequence of coefficients Z→ Z→
Z/2. We write Twist0
Z/2(X) for the subcategory of twists consisting of ‘ungraded
twists’, i.e. twists classified by H3
Z/2(X ;Z). On any twist τ ∈ TwistZ/2(X), a
Z/2-equivariant line bundle acts as an automorphism, preserving the subcategory
Twist0
Z/2(X). Actually, in this subcategory, the automorphism group of a twist
τ ∈ Twist0
Z/2(Z/2) is isomorphic to the equivariant cohomology H
2
Z/2(X ;Z), which
classifies Z/2-equivariant line bundles [20].
Given a twist τ ∈ TwistZ/2(X) and n ∈ Z, we have the Z/2-equivariant twisted
K-group Kτ+n
Z/2 (X). If twists are isomorphic, then the corresponding twisted K-
groups are isomorphic. Accordingly, we often use the notation Kh+n
Z/2 (X) for h ∈
π0(TwistZ/2(X)) ∼= H
1
Z/2(X ;Z/2)×H
3
Z/2(X ;Z), keeping track of the isomorphism
class of twists only. If h = 0, then the twisted equivariant K-group recovers the
usual equivariant K-group. By means of a multiplication
Kh+n
Z/2 (X)×K
h′+n′
Z/2 (X) −→ K
h+h′+n+n′
Z/2 (X),
the group
⊕
nK
h+n
Z/2 (X) gives rise to a graded module over the equivariant K-ring
K∗
Z/2(X). In particular, K
h+n
Z/2 (X) is always a module over the representation ring
K0
Z/2(pt)
∼= R = Z[t]/(t2 − 1) of Z/2.
The equivariant twisted K-groups form a Z/2-equivariant cohomology theory
on a suitable category: We can formulate the relative group Kτ+n
Z/2 (X,Y ) for a
pair (X,Y ) and a twist τ ∈ TwistZ/2(X). Then the homotopy axiom, the excision
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axiom, the exactness axiom and the additivity axiom hold true. Further, the Bott
periodicity is satisfied: Kτ+n
Z/2 (X,Y )
∼= Kτ+n+2
Z/2 (X,Y ).
For a Z/2-equivariant real vector bundle π : V → X of rank r and τ ∈
TwistZ/2(X), the Thom isomorphism for equivariant twisted K-theory is the fol-
lowing isomorphism of K∗
Z/2(X)-modules [10]:
Kτ+n
Z/2 (X)
∼= K
π∗(τ+τ(V ))+n+r
Z/2 (D(V ), S(V )),
where τ(V ) ∈ TwistZ/2(X) is a twist classified by
(w
Z/2
1 (V ),W
Z/2
3 (V )) ∈ H
1
Z/2(X ;Z/2)×H
3
Z/2(X ;Z).
The Thom isomorphism is expressed as x 7→ π∗x∪ΦZ/2(V ) by means of the Thom
class ΦZ/2(V ) ∈ K
π∗τ(V )+r
Z/2 (D(V ), S(V )), which is the image of 1 ∈ K
0
Z/2(X) under
the Thom isomorphism. Once the Thom isomorphism is established, the Euler
class χZ/2(V ) ∈ K
τ(V )+r
Z/2 (X), the push-forward along π : S(V )→ X and the Gysin
exact sequence follow as usual.
In the above, we only concerned Z/2-equivariant case. Forgetting the group
action, we have the same story of twisted K-theory Kτ+n(X) on a space X .
3.2. The variant K± and its twisted version.
Definition 3.1. Let X be a space with Z/2-action. For τ ∈ Twist0
Z/2(X) and
n ∈ Z, we define
Kτ+n± (X) = K
τ+n+1
Z/2 (X × I˜ , X × ∂I˜).
When τ is trivial, we just write Kn±(X) = K
τ+n
± (X).
As in the case of H±, the group K
τ+∗
± (X) is a module over K
∗
Z/2(X) and hence
K0
Z/2(pt)
∼= R. We can further define the multiplication
Kτ+n± (X)×K
τ ′+n′
± (X) −→ K
τ+τ ′+n+n′
Z/2 (X)
in the same way as in Subsection 2.3. We put
K
τ+∗(X) = Kτ+∗
Z/2 (X)⊕K
τ+∗
± (X).
which is graded by Z ⊕ Z with double periodicity, i.e. Z/2 ⊕ Z/2. Then Kτ+∗(X)
is a module over the ring K∗(X) as well as K∗(pt).
In the case where X contains an invariant closed subspace Y , we define
Kτ+n± (X,Y ) = K
τ+n+1
± (X × I˜ , Y × I˜ ∪X × ∂I˜).
Using this relative version, we can again recover Kτ+∗
Z/2 (X) from K
τ+∗
± (X):
Kτ+n
Z/2 (X)
∼= Kτ+n+1± (X × I˜ , X × ∂I˜).
As in the case of H±, we can interpret K
τ+n
± (X) as a twisted K-theory:
Lemma 3.2. For any τ ∈ Twist0
Z/2(X) and n ∈ Z, there is a natural isomorphism
of K∗(X)-modules
K
τ(R)+τ+n
Z/2 (X)
∼= Kτ+n± (X).
Proof. Thom isomorphism for R1 establishes the lemma. 
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Because ΦZ/2(R1)ΦZ/2(R1) = ΦZ/2(C1), the multiplication
Kτ+n± (X)×K
τ+n′
± (X) −→ K
τ+τ ′+n+n′
Z/2 (X)
defined by using the product in twisted K-groups via the lemma above agrees with
that defined in the same way as in Subsection 2.3.
3.3. Axiom of K±. The groups K
τ+n
± (X) again constitute a Z/2-equivariant co-
homology theory, so that the homotopy axiom, the excision axiom, the exactness
axiom, and the additivity axiom hold true.
For later convenience, we here state the axioms precisely: We write (X, τX) for
a pair consisting of a space with Z/2-action and a twist τ ∈ Twist0
Z/2(X). A map
(f, F ) : (X, τX) → (Y, τY ) consists of a Z/2-equivariant maps f : X → Y and an
isomorphism of twists F : τX → f
∗τY . A homotopy from (f0, F0) : (X, τX) →
(Y, τY ) to (f1, F1) : (X, τX) → (Y, τY ) means a map (f˜ , F˜ ) : (X × [0, 1], π
∗τX) →
(Y, τY ) such that (f˜ , F˜ )|X×{i} = (fi, Fi) for i = 0, 1, where Z/2 acts on the interval
[0, 1] trivially, and π : X × [0, 1]→ X is the projection.
Proposition 3.3 (Homotopy axiom). For a homotopy (f˜ , F˜ ) : (X× [0, 1], π∗τX)→
(Y, τY ), we have (f0, F0)
∗ = (f1, F1)
∗, so that the following diagram commutes:
KτY+n± (Y )
f∗0−−−−→ K
f∗0 τY +n
± (X)
f∗1
y yF∗0
K
f∗1 τY +n
± (X)
F∗1−−−−→ KτX+n± (X).
Let f˜ : X × [0, 1] → Y be a Z/2-equivariant map, and τY ∈ Twist
0
Z/2(Y ) a
twist. We put fj = f˜ ◦ ιj for j = 0, 1, where ιj : X → X × [0, 1] is the inclusion
ιj(x) = (x, j). Then we have two twists f
∗
j τY ∈ Twist
0
Z/2(X).
Corollary 3.4. In the notation above, there uniquely exists an isomorphism of
twists u(f˜) : f∗0 τY → f
∗
1 τY such that the following diagram commutes:
KτY+n± (Y )
f∗0−−−−→ K
f∗0 τY +n
± (X)
f∗1
y ∥∥∥
K
f∗1 τY+n
± (X)
u(f˜)∗
−−−−→ K
f∗0 τY +n
± (X).
Proof. By the homotopy equivalence X × [0, 1] ≃ X , the inclusion ι0 induces an
isomorphism π0(Twist
0
Z/2(X))
∼= π0(Twist
0
Z/2(X × [0, 1])). In view of this fact,
the twists π∗f∗0 τY , f˜
∗τY ∈ Twist
0
Z/2(X × [0, 1]) are isomorphic. Hence there is an
isomorphism F˜ : π∗f∗0 τY → f˜
∗τY . Two such isomorphisms differ by an automor-
phism of π∗f
∗
0 τY . Since Aut(π∗f
∗
0 τY )
∼= Aut(f∗0 τY )
∼= H2
Z/2(X) canonically, the
requirement that F˜ |X×{0} is the identity rules out the ambiguity of F˜ . Now, an
application of the homotopy axiom to (f˜ , F˜ ) : (X × [0, 1], f˜∗πY )→ (Y, τY ) leads to
the present corollary, where u(f˜) = F˜ |X×{1}. 
The remaining axioms are as follows:
Proposition 3.5. The following holds true.
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• (Excision axiom) Let A and B are invariant closed subspaces in a space X
with Z/2-action. For any twist τ ∈ Twist0
Z/2(X) and n ∈ Z, the inclusion
A→ A ∪B induces a natural isomorphism of K∗
Z/2(X)-modules:
Kτ+n± (A ∪B,A)
∼= Kτ+n± (A,A ∩B),
where these K-groups are regarded as K∗
Z/2(X)-modules through the inclu-
sions A ∪B → X and A→ X.
• (Exactness axiom) Let X be a space with Z/2-action and Y ⊂ X an invari-
ant closed subspace. For any twist τ ∈ Twist0
Z/2(X) and n ∈ Z, we have a
natural exact sequence of K∗
Z/2(X)-modules
· · · → Kn−1± (Y )→ K
n
±(X,Y )→ K
n
±(X)→ K
n
±(Y )→ · · ·
• (Additivity axiom) For a family of spaces Xλ and twists τλ ∈ Twist
0
Z/2(Xλ),
the inclusion induces a natural isomorphism
K⊔λτλ+n± (⊔λXλ)
∼=
⊕
λ
Kτλ+n± (Xλ).
3.4. Basic property of K±. We summarize here the other basic properties.
Proposition 3.6. For any space X with Z/2-action and τ ∈ Twist0
Z/2(X), there
are natural exact sequences of modules over K∗
Z/2(X):
· · · → Kτ+n−1± (X)
δ
→ Kτ+n
Z/2 (X)
f
→ Kτ+n(X)→ Kτ+n± (X)
δ
→ · · · ,
· · · → Kτ+n−1
Z/2 (X)
δ′
→ Kτ+n± (X)
f ′
→ Kτ+n(X)→ Kτ+n
Z/2 (X)
δ′
→ · · · ,
where f and f ′ are the map forgetting the Z/2-action.
Proof. The argument in the proof of Proposition 3.6 applies without change. 
Proposition 3.7. We have R-module isomorphisms
K0
Z/2(pt)
∼= R, K1Z/2(pt) = 0,
K0±(pt) = 0, K
1
±(pt)
∼= R/J.
Further, we have a ring isomorphism
K
∗(pt) = K∗
Z/2(pt)⊕K
∗
±(pt)
∼= Z[t, σ]/(t2 − 1, σ2 − 1 + t, (1 + t)σ)
∼= Z[σ]/(σ3 − 2σ),
where σ ∈ K1±(pt) corresponds to the Euler class χZ/2(R1) ∈ K
τ(R1)+1
Z/2 (pt) through
the isomorphism in Lemma 3.2.
Proof. The R-modules structures are straightforward by Proposition 3.6. To de-
termine the ring structure, it suffices to compute σ2. Since χZ/2(R1)χZ/2(R1) =
χZ/2(C1) = 1− t, we see σ
2 = 1− t. 
Proposition 3.8. For any space X with Z/2-action, τ ∈ Twist0
Z/2(X) and n ∈ Z,
the maps δ and δ′ in Proposition 3.6 have the following realizations:
δ : Kτ+n± (X)→ K
τ+n+1
Z/2 (X), x 7→ x ∪ σ,
δ′ : Kτ+n
Z/2 (X)→ K
τ+n+1
± (X), x 7→ x ∪ σ.
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Therefore the compositions
Kτ+n± (X)
δ
→ Kτ+n+1
Z/2 (X)
δ′
→ Kτ+n± (X),
Kτ+n
Z/2 (X)
δ′
→ Kτ+n+1± (X)
δ
→ Kτ+n
Z/2 (X)
are the multiplication of 1− t ∈ K0
Z/2(pt) = R.
Proof. The same argument as in the case of H± can be adapted. 
Lemma 3.9. Let X be a space with free Z/2-action. For any τ ∈ Twist0
Z/2(X) and
n ∈ Z, there exists a natural isomorphism of groups
Kτ+n± (X)
∼= K τ¯+τ(R1/Z2)+n(X/Z2),
where τ¯ ∈ Twist0(X/Z2) corresponds to τ through Twist
0
Z/2(X)
∼= Twist0(X/Z2).
Proof. The twisted K-theory of a local quotient groupoid is invariant under local
equivalences [10]. The groupoid associated to the free Z/2-spaceX and the quotient
space X/Z2 are in local equivalence. Now Proposition 3.2 completes the proof. 
3.5. Thom isomorphism for Real line bundle.
Theorem 3.10 (Thom isomorphism). Let X be a space with Z/2-action, and π :
R → X a Real line bundle. For h ∈ H3
Z/2(X ;Z) and n ∈ Z, we have natural
isomorphisms of modules over K∗
Z/2(X):
Kh+n
Z/2 (X)
∼= K
π∗(h+W
Z2
3 (R))+n
± (D(R), S(R)),
Kh+n± (X)
∼= K
π∗(h+W
Z2
3 (R))+n
Z/2 (D(R), S(R)).
If we write Φ±(R) ∈ K
W
Z2
3 (R)
± (D(R), S(R)) for the image of 1 ∈ K
0
Z/2(X), then the
isomorphisms are given by x 7→ π∗x ∪ Φ±(R).
Proof. Noting Lemma 2.9, we have
[τ(R1)] + [τ(R)] = (w
Z/2
1 (R1), 0) + (w
Z/2
1 (R),W
Z/2
3 (R))
= (0,W
Z/2
3 (R) + β(w
Z/2
1 (R1) ∪ w
Z/2
1 (R1))) = (0,W
Z/2
3 (R))
in π0(Twist
0
Z/2(X))
∼= H1
Z/2(X ;Z/2) × H
3
Z/2(X ;Z). Then the Thom isomorphism
for equivariant twisted K-theory and Proposition 2.5 complete the proof. 
As before, the Euler class χR(R) ∈ K
W
Z/2
3 (R)+0
± (X) of a Real line bundle π :
R→ X is defined to be the image of 1 ∈ KZ/2(X) under the composition of
KZ/2(X)
Thom
→ K
π∗W
Z2
3 (R)
± (D(R), S(R))→ K
π∗W
Z2
3 (R)
± (D(R))
∼= K
W
Z2
3 (R)
± (X).
The push-forward π∗ : K
π∗(h+W
Z/2
3 (R))+n
± (S(R)) → K
h+n−1
Z/2 (X) along π : S(R) →
X is defined to be the composition of
K
π∗(h+W
Z2
3 (R))+n
± (S(R))→ K
π∗(h+W
Z2
3 (R))+n+1
± (D(R), S(R))
Thom
→ Kh+n−1
Z2
(X),
and π∗ : K
π∗(h+W
Z/2
3 (R))+n
Z/2 (S(R))→ K
h+n−1
± (X) similarly.
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Corollary 3.11 (Gysin sequence). Let X be a space with Z/2-action, and π : R→
X a Real line bundle. For any h ∈ H3
Z/2(X ;Z), we have natural exact sequences of
K∗
Z/2(X)-modules:
·· → Kh+n
Z/2 (X)
χR(R)
→ Kh+W3+n± (X)
π∗
→ K
π∗(h+W3)+n
± (S(R))
π∗→ Kh+n−1
Z/2 (X)→ ··,
·· → Kh+n± (X)
χR(R)
→ Kh+W3+n
Z/2 (X)
π∗
→ K
π∗(h+W3)+n
Z/2 (S(R))
π∗→ Kh+n−1± (X)→ ··,
where W3 =W
Z/2
3 (R).
As in the case of ordinary cohomology, KZ/2 and K± combine to give a single
Gysin sequence respecting the K∗(X)-module structures.
We will later use the following property of the push-forward:
Proposition 3.12. Let X be a space with Z/2-action, Y ⊂ X an invariant closed
subspace, and h ∈ H3
Z/2(X ;Z). For any Real line bundle π : R → X, the push-
forward is compatible with the exact sequences for pairs, i.e. the following diagram
is commutative (up to sing):
· · · →K
π∗(h+W3)+n
Z/2 (S, SY )→K
π∗(h+W3)+n
Z/2 (S)→K
π∗(h+W3)+n
Z/2 (SY )→ · · ·
↓ π∗ ↓ π∗ ↓ π∗
· · · → Kh+n−1± (X,Y ) → K
h+n−1
± (X) → K
h+n−1
± (Y ) → · · ·
where W3 = W
Z/2
3 (R), S = S(R) and SY = S(R)|Y . There also exists the commu-
tative diagram with Z/2 and ± exchanged:
· · · →K
π∗(h+W3)+n
± (S, SY )→K
π∗(h+W3)+n
± (S)→K
π∗(h+W3)+n
± (SY )→ · · ·
↓ π∗ ↓ π∗ ↓ π∗
· · · → Kh+n−1
Z/2 (X,Y ) → K
h+n−1
Z/2 (X) → K
h+n−1
Z/2 (Y ) → · · · .
Proof. Since the roles of KZ/2 and K± are interchangeable, we only consider the
former case. Then the only non-trivial part is the commutativity of the diagram
K
π∗(h+W3)+n−1
Z/2 (SY ) −−−−→ K
π∗(h+W3)+n
Z/2 (S, SY )
π∗
y yπ∗
Kh+n−2± (Y ) −−−−→ K
h+n−1
± (X,Y ).
Because of the naturality of the Thom isomorphism, the commutativity of the above
diagram follows from that of the following diagram by substituting X = D(R),
A = DY , B = S and σ = π
∗(h+W3):
Kσ+n−1
Z/2 (A ∩ B) −−−−→ K
σ+n
Z/2 (B,A∩ B)y y
Kσ+n
Z/2 (A,A ∩ B) −−−−→ K
σ+n+1
Z/2 (X ,A ∪ B),
where the upper row comes from the exact sequence for the pair (B,A ∩ B), the
lower row from the triad (X ;A,B), the left column from the pair (A,A∩B), and the
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right column from the triad (X ;B,A). The commutativity of the diagram further
reduces to that of
Kσ+n−1
Z/2 (A ∩ B) −−−−→ K
σ+n
Z/2 (B,A∩ B)
∼=
−−−−→ Kσ+n
Z/2 (A ∪ B,A)y y
Kσ+n
Z/2 (A,A ∩ B)
∼=
−−−−→ Kσ+n
Z/2 (A ∪ B,B) −−−−→ K
σ+n−1
Z/2 (A ∪ B),
where the homomorphisms in the above are the connecting homomorphisms in the
exact sequences for pairs, or the excision isomorphism. In a direct manner, we can
verify the commutativity of the last diagram (up to sign). 
4. Computation on the torus
We compute the equivariant K-theory and its variant for the n-dimensional
torus. In particular, the case of n = 1, 2, 3 is studied in some detail.
We write S˜1 for the circle S1 ⊂ C with its Z/2-action given by complex conju-
gation. In view of the identification I˜/∂I ∼= S˜1 induced by I˜ → S˜1, (t 7→ expπit),
we choose −1 ∈ S˜1 as the base point pt ∈ S˜1. For n ≥ 1, we put T˜ n = (S˜1)n.
4.1. General case. Let X be any space with Z/2-action, and π : X × S˜1 → X
the trivial Real circle bundle. Because of the equivariant section i : X → X × S˜1,
(i(x) = (x, pt)), the Gysin sequences reduce to the split exact sequences:
0→ Kn
Z/2(X)
π∗
→ Kn
Z/2(X × S˜
1)
π∗→ Kn−1± (X)→ 0,
0→ Kn±(X)
π∗
→ Kn±(X × S˜
1)
π∗→ Kn−1
Z/2 (X)→ 0,
Thus, for any n ∈ Z, there are natural K∗
Z/2(X)-module isomorphisms:
Kn
Z/2(X × S˜
1) ∼= KnZ/2(X)⊕K
n−1
± (X),
Kn±(X × S˜
1) ∼= Kn±(X)⊕K
n−1
Z/2 (X).
Further, these isomorphisms are compatible with the K∗(X)-module structures.
Proposition 4.1. For n ≥ 1, we have the following R-module isomorphisms
K0
Z/2(T˜
n) ∼= (R ⊕R/J)2
n−1
, K1
Z/2(T˜
n) = 0,
K0±(T˜
n) = 0, K1±(T˜
n) ∼= (R⊕R/J)2
n−1
.
Notice that the result of K∗
Z/2(T˜
n) is already known in [27]. (cf. [12])
Proof. Regard T˜ n = T˜ n−1 × S˜1 as the trivial Real circle bundle. Then the propo-
sition follows from an induction based on the splitting of the Gysin sequence. 
We here construct the section of the projection π∗ : K
n
Z/2(X×S˜
1)→ Kn−1± (X) in
a natural way: As before, let i : X → X×S˜1 be the inclusion i(x) = (x, pt). Thanks
to the projection π : X× S˜1 → X , the exact sequence for the pair (X× S˜1, X×pt)
also reduces to a split exact sequence
0→ Kn
Z/2(X × S˜
1, X × pt)
j∗
→ Kn
Z/2(X × S˜
1)
i∗
→ Kn
Z/2(X × pt)→ 0.
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Recall I˜/∂I˜ ∼= S˜1. We write j∗ : Kn−1± (X)→ K
n
Z/2(X × S˜
1) for the composition of
Kn−1± (X) = K
n
Z/2(X × I˜ , X × ∂I˜)
∼= KnZ/2(X × S˜
1, X × pt)
j∗
→ Kn
Z/2(X × S˜
1)
by an abuse of notations.
Lemma 4.2. The composition π∗ ◦ j
∗ is the identity of Kn−1± (X):
Kn−1± (X)
j∗
→ Kn
Z/2(X × S˜
1)
π∗→ Kn−1± (X).
Proof. Replacing X by X ⊔ pt if necessary, we can assume X admits a fixed point
p ∈ X . The decompositions of K± and KZ/2 by means of the reduced theories
K˜± and K˜Z/2 are compatible with j
∗ and π∗. Hence it suffices to prove that the
compositions of the following maps are the identity maps:
K˜n−1± (X)
j∗
→ Kn
Z/2(X × S˜
1, p× S˜1)
π∗→ K˜n−1± (X),
Kn−1± (pt)
j∗
→ Kn
Z/2(S˜
1)
π∗→ Kn−1± (pt).
Recalling the definition of the push-forward and the construction of the Thom
isomorphism for Real line bundles, π∗j
∗ in the upper row decomposes as follows:
K˜n−1± (X)
∼= KnZ/2(X × S˜
1, X × pt ∪ p× S˜1)
j∗
→ Kn
Z/2(X × S˜
1, p× S˜1) (inclusion)
→ Kn+1
Z/2 (X × D˜
2, X × S˜1 ∪ p× S˜1) (connecting map)
∼= KnZ/2(X × I˜ , X × ∂I˜ ∪ p× I˜), (Thom isomorphism)
where D˜2 ⊂ C1 is the unit disk, and the last Thom isomorphism is that for R0 →
X × I˜. Using the reduced theory, we can write the above maps as follows:
K˜n
Z/2(X ∧ S˜
1)
j∗
→ Kn
Z/2(X × S˜
1, p× S˜1)→ K˜n+1
Z/2 (X ∧ S˜
1 ∧ S1) ∼= K˜nZ/2(X ∧ S˜
1).
The composition of the inclusion j∗ and the connecting homomorphism is the sus-
pension isomorphism K˜n
Z/2(X ∧ S˜
1) ∼= K˜n+1
Z/2 (X ∧ S˜
1 ∧ S1). Since the suspension
isomorphism is inverse to the Thom isomorphism for R0, we conclude π∗j
∗ is the
identity. The remaining case can be shown in the same way. 
4.2. A basis of K0
Z/2(S˜
1). For i = 0, 1, let Ci = S˜
1 × Ci be the equivariant line
bundle over S˜1 constructed from the irreducible representation Ci. Let L→ S˜
1 be
the equivariant line bundle such that its underlying line bundle is L = S1 ×C and
Z/2 acts by τ(u, z) = (u¯,−uz). By abuse of notations, we just write C0, C1 and L
to mean the elements they represent in K0
Z/2(S˜
1).
We introduce a ring homomorphism
F : K0
Z/2(S˜
1)→ K0(S1)⊕R1 ⊕R−1.
In the above, R1 = R−1 = R. The definition of F is F (x) = (f(x), x|1, x|−1), where
f is to forget the Z/2-action, and x 7→ x|±1 is to focus on the representation of the
fiber of a Z/2-equivariant vector bundle at the fixed points ±1 ∈ S˜1. Noting that
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K0(S1) ∼= Z, we can readily see that F takes the following values:
K0(S˜1) R1 R−1
C0 1 1 1
C1 1 t t
L 1 t 1
Lemma 4.3. The following holds true:
(a) The group K0
Z/2(S˜
1) is generated by C0, C1 and L. In particular, respecting
the R-module structure, we have the following basis:
K0
Z/2(S˜
1) =
R︷ ︸︸ ︷
ZC0 ⊕ ZC1⊕
R/J︷ ︸︸ ︷
Z(C0 − L) .
(b) The ring homomorphism F is injective.
(c) We have the following relations in K0
Z/2(S˜
1):
L2 = C0, C1L = −L+ C0 + C1.
(d) There are ring isomorphisms:
K0
Z/2(S˜
1) ∼= Z[t, L]/(t2 − 1, L2 − 1, (1 + t)(1− L)),
∼= Z[t, ℓ]/(t2 − 1, ℓ2 − 2ℓ, (1 + t)ℓ),
where L and ℓ are related by ℓ = 1− L.
Proof. For (a), let K be the free abelian group generated by C0, C1 and L, and
ι : K → K˜0
Z/2(S˜
1) the natural homomorphism. To prove that ι is bijective, we use
the Mayer-Vietoris sequence: We define U and V as follows:
U = {exp 2πiθ ∈ S˜1| 1/4 ≤ θ ≤ 3/4}, V = {exp 2πiθ ∈ S˜1| − 1/4 ≤ θ ≤ 1/4}.
Apparently, U and V are equivariantly contractible, and U ∩ V ∼= ∂I˜. The Mayer-
Vietoris sequence and Proposition 4.1 provide us:
0→ K0
Z/2(S˜
1)
i∗
→ K0
Z/2(U ⊔ V )
∆
→ K0
Z/2(U ∩ V )→ 0,
where ∆ : R ⊕ R → Z is ∆(a + bt, a′ + b′t) = a + b − a′ − b′. We can verify
i∗ : ι(K) → Ker∆ is bijective. Hence so is ι, and an additive basis of K0
Z/2(S˜
1) is
specified. From the values of F , the subgroup K˜0
Z/2(S˜
1) is generated by C0 − L1,
which induces the basis respecting the R-module structure in (a). Now, (b) is
verified directly. Using (b), we get (c), which leads to (d). 
4.3. A basis of K0
Z/2(T˜
2). We write πi : T˜
2 → S˜1 for the ith projection from
T˜ 2 = S˜1 × S˜1. We define the equivariant line bundle Li → T˜
2 by the pull-back
Li = π
∗
i L. We also define the equivariant line bundle H
′ → T˜ 2 by
H ′ = S1 × R× C/ ∼,
where (u, x, z) ∼ (u, x + n, unz) for n ∈ Z. The Z/2-action τ : H ′ → H ′ is
τ([u, x, z]) = [u¯,−x, z] and the projection π : H ′ → T˜ 2 is π([u, x, z]) = (u, exp 2πix).
We then define H → T˜ 2 by H = C1L1L2H
′. If we forget about Z/2-actions, then
c1(H) = 1 in H
2(T˜ 2;Z) ∼= Z with respect to the standard orientation of T˜ 2, and
there is a ring isomorphism K0(T˜ 2) ∼= Z[H ]/(1−H)2.
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As before, we put F (x) = (f(x), x|(i,j)) and define the ring homomorphism
F : K0
Z/2(T
2) −→ K0(T 2)⊕
⊕
(i,j)=(±1,±1)
R(i,j),
where R(i,j) = R. We have the following values of F :
K0(T˜ 2) R(1,1) R(−1,1) R(1,−1) R(−1,−1)
C0 1 1 1 1 1
C1 1 t t t t
H H t 1 1 1
C1H H 1 t t t
L1 1 t 1 t 1
L2 1 t t 1 1
Lemma 4.4. The following holds true:
(a) The group K0
Z/2(T˜
2) is generated by {C0,C1, H,C1H,L1, L2}. In particu-
lar, respecting the R-module structure, we have the following basis:
K˜0
Z/2(T˜
2) =
R︷ ︸︸ ︷
ZC0 ⊕ ZC1⊕
R︷ ︸︸ ︷
Z(C0 −H)⊕ ZC1(C0 −H)⊕
R/J︷ ︸︸ ︷
Z(C0 − L1)⊕
R/J︷ ︸︸ ︷
Z(C0 − L2) .
(b) The ring homomorphism F is injective.
(c) The following relations are satisfied in K0
Z/2(T˜
2).
(C0 + C1)(C0 − L1) = 0, (C0 + C1)(C0 − L2) = 0,
(C0 −H)(C1 − L1) = 0, (C0 −H)(C1 − L2) = 0,
(C0 −H)(C1 −H) = 0, (C0 − L1)(C0 − L2) = (C0 − C1)(C0 −H).
Proof. Let K be the subgroup generated by {C0,C1, H,C1H,L1, L2}, and ι : K →
K1
Z/2(T˜
2) the natural inclusion. To prove that ι is bijective, we use the Mayer-
Vietoris exact sequence: Let U, V ⊂ S˜1 be as in the proof of Lemma 4.3. We put
U ′ = S˜1×U and V ′ = S˜1×V . Then the Mayer-Vietoris sequence for {U ′, V ′} and
Proposition 4.1 give us the exact sequence
0→ K1
Z/2(U
′ ∩ V ′)
ξZ/2
→ K0
Z2
(T˜ 2)
i∗
Z/2
→ K0
Z/2(U
′ ⊔ V ′)
∆Z/2
→ K0
Z/2(U
′ ∩ V ′)→ 0,
We can directly verify i∗
Z/2(K) = Ker∆Z/2. Bearing this fact in mind, we consider
the following maps of exact sequences
0 −−−−→ K ′ −−−−→ K −−−−→ Ker∆Z/2 −−−−→ 0
ι′
y yι ∥∥∥
0 −−−−→ K1
Z/2(U
′ ∩ V ′)
ξZ/2
−−−−→ K0
Z/2(T˜
2)
i∗
Z/2
−−−−→ Ker∆Z/2 −−−−→ 0
fU′∩V ′
y yfT˜2 yf
K1(U ′ ∩ V ′)
ξ
−−−−→ K0(T˜ 2)
i∗
−−−−→ Ker∆ −−−−→ 0,
where K ′ is the kernel of i∗
Z/2 restricted to K, the injection ι
′ is induced from ι, the
third row comes from the Mayer-Vietoris sequence for usualK-theory, and f are the
maps forgetting Z/2-actions. Now, the thing to be shown is ι′(K ′) = K1
Z/2(U
′∩V ′).
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A direct computation proves that K ′ is generated by C1H +H − C1 − C0. Using
this information and the diagram above, we find
ξ(fU ′∩V ′(ι
′(K ′))) = ξ(fU ′∩V ′(K
1
Z/2(U
′ ∩ V ′))) = 2ZH
inK0(T˜ 2) = ZC⊕ZH . Since ξ◦fU ′∩V ′ is injective, we have ι
′(K ′) = K1
Z/2(U
′∩V ′).
Therefore ι is bijective, and K = K1
Z/2(T˜
2). Because L1 and L2 are the pull-back
of L → S˜1 under the projections πi : T˜
2 → S˜1, we get the basis respecting the
R-module structure of K = K1
Z/2(T˜
2), completing the proof of (a). Once a basis is
known, (b) is directly verified. Using (b), we can check (c). 
Remark 1. The idea of using the ring homomorphism F comes from a work of
Hajime Fujita, where finite group actions on Riemann surfaces are studied. The
original proof of the injectivity of F appeals to a localization formula of the equivari-
ant index, by which we can further specify ring generators of equivariant K-theory.
4.4. A basis of K0
Z/2(T˜
3). Let πi : T˜
3 → S˜1 be the ith projection from T˜ 3 =
S˜1 × S˜1 × S˜1. We define the equivariant line bundle Li → T˜
3 by Li = π
∗
i L for
i = 1, 2, 3, and Hij → T˜
3 by Hij = (πi, πj)
∗H for i < j. By the Atiyah-Hirzebruch
spectral sequence, we find the group K0(T˜ 3) is generated by H12, H23, H13 and C.
The multiplication in K0(T˜ 3) can be computed through the Chern character: For
instance, we have (C−H12)(C−H23) = 0.
Setting F (x) = (f(x), x|(i,j,k)) as before, we define the ring homomorphism
F : K0
Z/2(T˜
3) −→ K0(T˜ 3)⊕
⊕
(i,j,k)=(±1,±1,±1)
R(i,j,k),
where R(i,j,k) = R. A table of values of F is in Figure 1.
K0
Z/2 K
0
(1,1,1)(−1,1,1)(1,−1,1)(−1,−1,1) (1,1,−1)(−1,1,−1)(1,−1,−1)(−1,−1,−1)
C0 1 1 1 1 1 1 1 1 1
C1 1 t t t t t t t t
H12 H12 t 1 1 1 t 1 1 1
H23 H23 t t 1 1 1 1 1 1
H13 H13 t 1 t 1 1 1 1 1
C1H12 H12 1 t t t 1 t t t
C1H23 H23 1 1 t t t t t t
C1H13 H13 1 t 1 t t t t t
L1 1 t 1 t 1 t 1 t 1
L2 1 t t 1 1 t t 1 1
L3 1 t t t t 1 1 1 1
H12L3 H12 1 t t t t 1 1 1
Figure 1. The values of F on T˜ 3.
Lemma 4.5. The following holds true:
(a) The group K0
Z/2(T˜
3) is generated by:
{C0,C1, H12, H23, H13,C1H12,C1H23,C1H13, L1, L2, L3, H12L3}.
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In particular, the following basis respects the R-module structure:
K˜0
Z/2(T˜
3) =
R︷ ︸︸ ︷
ZC0 ⊕ ZC1⊕
R︷ ︸︸ ︷
Z(C0 −H12)⊕ ZC1(C0 −H12)
⊕
R︷ ︸︸ ︷
Z(C0 −H23)⊕ ZC1(C0 −H23)⊕
R︷ ︸︸ ︷
Z(C0 −H13)⊕ ZC1(C0 −H13)
⊕
R/J︷ ︸︸ ︷
Z(C0 − L1)⊕
R/J︷ ︸︸ ︷
Z(C0 − L2)⊕
R/J︷ ︸︸ ︷
Z(C0 − L3)⊕
R/J︷ ︸︸ ︷
Z(C0 −H12)(C0 − L3) .
(b) The ring homomorphism F is injective.
Proof. The proof is exactly the same as in the case of T˜ 2, so is omitted. 
4.5. The ring structure of K∗(S˜1).
Proposition 4.6. The following holds true:
(a) There is a ring isomorphism
K
∗(S˜1) = K∗
Z/2(S˜
1)⊕K∗±(S˜
1) ∼= Z[σ, χ]/(σ3 − 2σ, χ2 − σχ),
where χ ∈ K˜1±(S˜
1) ∼= R is the unique element whose image under the push-
forward along the projection π : S˜1 → pt is π∗χ = 1, and σ ∈ K
1
±(pt)
∼=
R/J is the generator.
(b) The elements 1, t, σχ ∈ K0
Z/2(S˜
1) have the following realization:
1 = C0, t = C1, σχ = C0 − L.
The elements χ, tχ, σ ∈ K1±(S˜
1) have the following realization through the
injection j∗ : K1±(S˜
1)→ K0
Z/2(T˜
2):
j∗(χ) = C0 −H, j
∗(tχ) = C1(C0 −H), j
∗(σ) = C0 − L2.
The proof requires a number of lemmas.
Lemma 4.7. Through the injection j∗ : K1±(pt) → K
0
Z/2(S˜
1), the generator σ ∈
K1±(pt) corresponds to C0 − L ∈ K
0
Z/2(S˜
1).
Proof. Recall that j∗ is the composition of
K1±(pt) = K
0
Z/2(I˜ , ∂I˜)
∼= K0Z/2(S˜
1, pt)→ K0
Z/2(S˜
1).
The isomorphism in the middle is induced from φ : I˜/∂I˜ ∼= S˜1, (t 7→ expπit). By a
homotopy and some isomorphisms, we can directly identify the pull-back φ∗(C0−L)
with the Thom class ΦZ/2(R1) ∈ K
0
Z/2(I˜ , ∂I˜) of R1 → pt, which is realized by the
triple (C0,C1, η) consisting of equivariant line bundles Ci = I˜ × Ci on I˜ and the
equivariant bundle map η : C0 → C1 given by η(t, z) = (t, tz). 
Lemma 4.8. The following holds.
(a) The group K1±(S˜
1) has the additive basis {x, y, z} such that
j∗x = C0 −H, j
∗y = C1(C0 −H), j
∗z = C0 − L2.
(b) We have z = σ.
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Proof. We can verify (a) using the ring monomorphism F for T˜ 2. For (b), we ob-
serve that C0−L2 ∈ K
0
Z/2(S˜
1×S˜1, S˜1×pt) is the pull-back of C0−L ∈ K
0
Z/2(S˜
1, pt)
under π2 : S˜
1 × S˜1 → S˜1. Then Lemma 4.7 implies z = σ. 
Lemma 4.9. Let c : S˜1× S˜1 → S˜1 ∧ S˜1 = C1 ∪{∞} be the natural projection, and
ΦZ/2(C1) ∈ K˜
0
Z/2(C1 ∪ {∞}) the Thom class of C1 → pt. Then we have
c∗ΦZ/2(C1) = C0 −H
in K0
Z/2(S˜
1 × S˜1).
Proof. By definition, Φ = ΦZ/2(C1) ∈ K˜
0
Z/2(C1 ∪ {∞}))
∼= K0
Z/2(D(C1), S(C1)) is
realized by the triple (C0,C1, η), where Ci is the equivariant line bundles D(C1)×
Ci over D(C1) and η : C0 → C1 is the bundle map (ξ, z) 7→ (ξ, ξz). By the
compatibility with forgetting the group action, we have c∗Φ = 1 − H ∈ K0(T˜ 2),
where c1(H) = 1. The map c carries (1, 1) ∈ T˜
2 to the point 0 ∈ C1 ∪ {∞}, while
(−1, 0), (0,−1), (−1,−1) to ∞. Thus, F takes the following values for c∗Φ:
K0
Z/2(T˜
2) K0(T˜ 2) (1, 1) (−1, 0) (0,−1) (−1,−1)
c∗Φ 1−H 1− t 0 0 0
This implies c∗Φ = C0 −H . 
Lemma 4.10. The image of x ∈ K1±(S˜
1) under the push-forward along the projec-
tion π : S˜1 → pt is π∗x = 1 in K
0
Z/2(pt).
Proof. Let D˜ ⊂ C1 be the unit disk with the Z/2-action z 7→ z¯, so that ∂D˜ = S˜
1.
The push-forward π∗ : K
1
±(S˜
1)→ K0
Z/2(pt) factors as follows:
K0
Z/2(S˜
1 × I˜ , S˜1 × ∂I˜) ∼= K0Z/2(∂(D˜ × I˜), D˜ × ∂I˜) (excision)
→ K0
Z/2(∂(D˜ × I˜)) (restriction)
∼= K−2
Z/2(∂(D˜ × I˜)) (periodicity)
→ K−1
Z/2(D˜ × I˜ , ∂(D˜ × I˜)) (connecting)
∼= K0Z/2(pt). (Thom isomorphism)
As a result of Lemma 4.8, we have x ∈ K1±(S˜
1, pt) ⊂ K1±(S˜
1), so that we re-
strict ourselves to consider the push-forward π∗ : K
1
±(S˜
1, pt)→ K0
Z/2(pt), which is
bijective. The factorization of π∗ above now reduces to:
K0
Z/2(S˜
1 × I˜ , S˜1 × ∂I˜ ∪ pt× I˜) ∼= K0Z/2(∂(D˜ × I˜), D˜ × ∂I˜ ∪ pt× I˜) (excision)
→ K0
Z/2(∂(D˜ × I˜), pt) (restriction)
∼= K−2
Z/2(∂(D˜ × I˜), pt) (periodicity)
→ K−1
Z/2(D˜ × I˜ , ∂(D˜ × I˜)) (connecting)
∼= K0Z/2(pt). (Thom isomorphism)
This factorization is further identified with:
K˜0
Z/2(S˜
1 ∧ S˜1) ∼= K˜0Z/2(S
1 ∧ S1 ∧ S˜ ∧ S˜) (periodicity)
∼= K0Z/2(pt) (Thom isomorphism)
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Thus, π∗ : K
1
±(S˜
1, pt) → K0
Z/2(pt) turns out to be just the Thom isomorphism
K˜0
Z/2(S˜
1 ∧ S˜1) = K˜0
Z/2(D(C1)/S(C1))
∼= K0
Z/2(pt). To relate the Thom class Φ =
ΦZ/2(C1) ∈ K˜
0
Z/2(S˜
1 ∧ S˜1) of C1 → pt with x ∈ K
1
±(S˜
1), we recall the expression
K1±(S˜)
∼= K1
Z/2(S˜ × S˜, S˜ × pt) and consider the commutative diagram:
K1±(S˜
1) K0
Z/2(S˜
1 × S˜1, S˜1 × pt)
j∗
−−−−→ K0
Z/2(S˜
1 × S˜1)x x xc∗
K˜±(S˜
1) K0
Z/2(S˜
1 × I˜ , S˜1 × ∂I˜ ∪ pt× I˜) K˜0(S˜1 ∧ S˜1),
where c : S˜1× S˜1 → S˜1 ∧ S˜1 is the natural projection. As is seen by using the long
exact sequence for a pair, c∗ is injective. Now, from our knowledge of c∗Φ and the
definition of x, we get c∗Φ = j∗x, so that π∗x = 1. 
Lemma 4.11. In K∗
Z/2(S˜
1)⊕K∗±(S˜
1), we have:
x2 = zx = C0 − L.
Proof. Notice that x, tx ∈ K˜1±(S˜
1). Note also K˜1±(S˜
1) ∼= K˜0
Z/2(S˜
1 ∧ S˜1). The
multiplication K˜1±(S˜
1)× K˜1±(S˜
1)→ K˜0
Z/2(S˜
1) is the composition of:
K˜0
Z/2(S˜
1 ∧ S˜1)× K˜0
Z/2(S˜
1 ∧ S˜1)
µ
→ K˜0
Z/2(S˜
1
1 ∧ S˜
1
2 ∧ S˜
1
3)
β
→ K˜0
Z/2(S˜
1).
In the above, S˜1k = S˜
1 for k = 1, 2, 3, and µ is defined as µ(a, b) = j∗12(a) · j
∗
13(b)
by using the map j1k : S˜
1
1 ∧ S˜
1
2 ∧ S˜
1
3 → S˜
1 ∧ S˜1, (t1, t2, t3) 7→ (t1, tk) for k = 2, 3.
The isomorphism β is the Thom isomorphism applied to S˜12 ∧ S˜
1
3 . We here use the
commutative diagram:
K0
Z/2(S˜
1 × S˜1)×K0
Z/2(S˜
1 × S˜1)
µ
−−−−→ K0
Z/2(S˜
1 × S˜1 × S˜1)
c∗×c∗
x xc∗
K˜0
Z/2(S˜
1 ∧ S˜1)× K˜0
Z/2(S˜
1 ∧ S˜1)
µ
−−−−→ K˜0
Z/2(S˜
1
1 ∧ S˜
1
2 ∧ S˜
1
3),
where the projections c : S˜1×· · ·× S˜1 → S˜1∧· · ·∧ S˜1 induce the vertical maps. By
the long exact sequence for a pair, c∗ on the right turns out to be injective. Now,
we use F for T˜ 3 to see
µ(c∗x, c∗x) = j∗12(C0 −H) · j
∗
13(C0 −H)
= (C0 −H12)(C0 −H13) = (C0 − L1)(C0 −H23).
The Thom class Φ23 producing β : K˜
0
Z/2(S˜
1
1 ∧ S˜
1
2 ∧ S˜
1
3) → K˜
0
Z/2(S˜
1) admits the
expression c∗Φ23 = C0 − H23 by Lemma 4.9. Hence we get x
2 = C0 − L1 in
K˜0
Z/2(S˜
1). The computation of xz proceeds in the same way. A use of F shows
µ(c∗x, c∗z) = j∗12(C0 −H) · j
∗
13(C0 − L2)
= (C0 −H12)(C0 − L3) = (C0 − L1)(C0 −H23),
so that xz = C0 − L1. 
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The proof of Proposition 4.6. Let x, y, z ∈ K˜1±(S˜
1) be the additive basis given in
Lemma 4.8. As is seen, z = σ comes from K˜1±(pt), so that x and y = tx generate
K˜1±(S˜
1) ∼= R. Since π∗ : K˜
1
±(S˜
1) → K0
Z/2(pt) is an isomorphism R
∼= R, the
characterizing condition on χ implies χ = x. By Lemma 4.11 and 4.4, we can
see the ring structure of K∗(S˜1) is as stated. The correspondences with geometric
realizations are clear from the construction. 
4.6. The ring structure of K∗(T˜ 2). As before, we write πi : S˜
1 × S˜1 → S˜1 for
the ith projection.
Proposition 4.12. The following holds true:
(a) There is a ring isomorphism
K
∗(T˜ 2) = K∗
Z/2(T˜
2)⊕K∗±(T˜
2) ∼= Z[σ, χ1, χ2]/(σ
3 − 2σ, χ21 − σχ1, χ
2
2 − σχ2),
where χi ∈ K˜
1
±(S˜
1) are the unique elements such that (π1)∗χ2 = 1 and
(π2)∗χ1 = 1 in K
0
Z/2(S˜
1), and σ ∈ K1±(pt) is the generator.
(b) The elements 1, t, χ1χ2, tχ1χ2, σχ1, σχ2 ∈ K
0
Z/2(T˜
2) have the realization:
1 = C0, t = C1,
χ1χ2 = C0 −H, tχ1χ2 = C1(C0 −H),
σχ1 = C0 − L1, σχ2 = C0 − L2.
The elements χ1, tχ1, χ2, tχ2, σ, σχ1χ2 ∈ K
1
±(T˜
2) have the following real-
ization through the injection j∗ : K1±(T˜
2)→ K0
Z/2(T˜
3):
j∗(χ1) = C0 −H13, j
∗(tχ1) = C1(C0 −H13),
j∗(χ2) = C0 −H23, j
∗(tχ2) = C1(C0 −H23),
j∗(σ) = C0 − L3, j
∗(σχ1χ2) = (C0 − L3)(C0 −H12).
Proof. By Lemma 4.4, we know that the group K0
Z/2(T˜
2) has the geometric basis
as described in (b). Also, by using Lemma 4.5, we can see that the group K1±(T˜
2)
has the geometric basis as described in (b). Since the push-forwards are compatible
with restrictions, we have j∗(χi) = C0−Hi3 for i = 1, 2. In the same way as the case
of T˜ 2, we have j∗(σ) = C0 − L3. The pull-back under π
∗
i is a ring monomorphism
K∗(S˜1) → K∗(T˜ 2). This fact further allows us to identify σχi = C0 − Li. Noting
that K1±(T˜
2) is a K0
Z/2(T˜
2)-module and using Lemma 4.5, we have
j∗(σχ1χ2) = j
∗((σχ1)χ2) = (C0 − L1)(C0 −H23) = (C0 − L3)(C0 −H12).
From this, {χ1, tχ1, χ2, tχ2, σ, σχ1χ2} is an additive basis of K˜
1
±(T˜
2), and we have
hσ = σχ1χ2, where we put h = C0 − H . That σ(χ1χ2 − h) = 0 allows us the
expression χ1χ2 = h+α(1+ t)h+β(1+ t) for some α, β ∈ Z. By using the formula
hχ1 = hσ, which can be verified via F , we have
χ1(χ1χ2) = σχ1χ2 = σh,
χ1(h+ α(1 + t)h+ β(1 + t)) = σh+ β(1 + t)χ1,
so that β = 0 and χ1χ2 = h + α(1 + t)h. We here consider the push-forward
(π1)∗ : K
0
Z/2(T˜
2)→ K1±(S˜
1). Because (π1)∗(σχ2) = σχ, the push-forward restricts
to give an R-module isomorphism Zh⊕ Zth→ Zχ⊕ Ztχ. This implies (π1)∗(h) ∈
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{±χ,±tχ}. Since (π1)∗(χ1χ2) = χ, we conclude α = 0 and χ1χ2 = h. This
completes the proof of (a). From the construction, (b) is obvious. 
Corollary 4.13. Let πi : S˜
1 × S˜1 → S˜1 be the ith projection. Then the map
T : K∗(S˜1) −→ K∗(S˜1), a 7→ (π2)∗((1 + tχ1χ2)π
∗
1a)
is an isomorphism of K∗(pt)-modules.
Proof. By direct computations, we get
T (1) = tχ, T (t) = χ, T (σχ) = σ − (1− t)χ,
T (χ) = 1− σχ, T (tχ) = t+ σχ, T (σ) = −σχ.
This shows that T carries a basis to another basis. 
Remark 2. T 2 6= 1, T 4 = t and T 8 = 1, as can be verified by:
T 2(1) = t+ σχ, T 2(t) = 1− σχ, T 2(σχ) = −1 + t+ σχ,
T 2(χ) = χ− σ, T 2(tχ) = tχ+ σ, T 2(σ) = χ− tχ− σ.
5. Topological T-duality for Real circle bundles
This section contains the proof of our main theorems: Theorem 1.1 and 1.2. We
also give an example illustrating the main theorems, a construction of the classifying
space for pairs, and finally a possible topological T-duality for future work.
5.1. The notion of pairs. Following [9], we introduce the notion of pairs.
Definition 5.1. Let X be a space with Z/2-action.
(a) A pair (E, h) on X consists of a Real circle bundle π : E → X and an
equivariant cohomology class h ∈ H3
Z/2(E;Z).
(b) An isomorphism Φ : (E, h) → (E′, h′) of pairs on X is an isomorphism
of Real circle bundle Φ : E → E′ covering the identity on X such that
h = Φ∗h′.
(c) For a Z/2-equivariant map f : X ′ → X from another space X ′ with Z/2-
action, the pull-back of a pair (E, h) on X under f is the pair f∗(E, h) on
X ′ consisting of the Real circle bundle f∗E → X ′ and F ∗h ∈ H3
Z/2(f
∗E;Z),
where F : f∗E → E is the bundle map covering f .
For any Real circle bundle π : E → X , we mean by a gauge transformation
an equivariant bundle map Φ : E → E covering the identity of X . The group
of gauge transformations of E is in the obvious way isomorphic to the group of
Z/2-equivariant maps φ : X → S˜1. We denote by [X, S˜1]Z/2 the group of homo-
topy classes of Z/2-equivariant maps φ : X → S˜1. Recall from Lemma 2.12 that
H1±(S˜
1) = Zχ⊕ Zt1/2. We define a homomorphism a as follows:
a : [X, S˜1]Z/2 → H
1
±(X), φ 7→ φ
∗χ.
As will be shown in Appendix, this is an isomorphism (Proposition A.2).
Lemma 5.2. Let (E, h) be a pair on a space X with Z/2-action.
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(a) Let φ : X → S˜1 be an equivariant map, and Φ : E → E the corresponding
gauge transformation. Then,
Φ∗h = h+ π∗(π∗h ∪ a(φ)).
Thus, if φ is the constant φ(x) = −1, then Φ∗h = h+ π∗π∗h ∪ t
1/2.
(b) Conversely, for any a ∈ H1±(X), the pairs (E, h) and (E, h+ π
∗(π∗h ∪ a))
are isomorphic by a gauge transformation φ : X → S˜1. Such a φ is unique
up to equivariant homotopy.
Proof. The following is a simple generalization of an argument in the proof of
Theorem 2.16 in [9]: We factor Φ : E → E as follows:
E
(1,π)
−→ E ×X
(1,φ)
−→ E × S˜1
m
−→ E,
where m : E × S˜1 → E, (m(ξ, u) = ξu) is a bundle map covering π : E → X :
E × S˜1
m
−−−−→ E
πE
y yπ
E
π
−−−−→ X.
By the naturality of the push-forward, we have (πE)∗(m
∗h) = π∗(π∗h). Then, in
view of the splitting of the Gysin sequence H3
Z
(E× S˜1) ∼= H3
Z/2(E)⊕H
2
±(E), we get
m∗h = h+ (π∗π∗h) ∪ χ. This leads to Φ
∗h = h+ (π∗π∗h) ∪ (π
∗φ∗χ), so that (a) is
proved. Then (b) follows from (a), because of the fact that a : [X, S˜1]Z/2 → H
1
±(X)
is an isomorphism (Proposition A.2). 
5.2. Uniqueness of T-dual pair. We prove here the uniqueness of a T-dual pair
(Theorem 1.1 (c)) separately. The idea of the proof is hinted by [4].
Given Real circle bundles E and Eˆ on a space X with Z/2-action, π, πˆ, p, pˆ and
q are the following projections:
E ×X Eˆ
p ւ ց pˆ
E q ↓ Eˆ
π ց ւ πˆ
X.
Lemma 5.3. Let π : E → X and πˆ : Eˆ → X be Real circle bundles on a space X
with Z/2-action. For any µ ∈ H3
Z/2(Eˆ) such that πˆ∗µ = 0 and pˆ
∗µ = 0, there exists
α ∈ H1±(X) such that µ = πˆ
∗(cR1 (E) ∪ α).
Proof. We consider the following maps of fiber bundles:
E ×X Eˆ E ×X Eˆ
pˆ
−−−−→ Eˆ
pˆ
y qy πˆy
Eˆ
πˆ
−−−−→ X X.
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Being fiber preserving, these maps induce the following maps of the Leray-Serre
spectral sequences compatible with the maps of the total spaces:
Ep,qr (πˆ) =⇒ H
∗
Z/2(Eˆ)
↓ ↓ pˆ∗
Ep,qr (q) =⇒ H
∗
Z/2(E ×X Eˆ)
↓ ‖
Ep,qr (pˆ) =⇒ H
∗
Z/2(E ×X Eˆ).
The E2-terms of these spectral sequences are as follows:
Ep,q2 (πˆ) = H
p
Z/2(X ;H
q(S˜1)),
Ep,q2 (q) = H
p
Z/2(X ;H
q(S˜1 × S˜1)),
Ep,q2 (pˆ) = H
p
Z/2(Eˆ;H
q(S˜1)),
where the cohomology in the coefficients are regarded as Z/2-modules:
q = 0 q = 1 q = 2
Hq(S˜1) Z(0) Z(1) 0
Hq(S˜1 × S˜1) Z(0) Z(1)⊕ Z(1) Z(0)
Now, from the first two spectral sequences, we get the map of exact sequences:
0 −−−−→ E3,0∞ (πˆ)
πˆ∗
−−−−→ H3
Z/2(Eˆ) −−−−→ E
2,1
∞ (πˆ) −−−−→ 0y ypˆ∗ ypˆ∗
0 −−−−→ E3,0∞ (q)
q∗
−−−−→ H3
Z/2(E ×X Eˆ) −−−−→ E
2,1
∞ (q) −−−−→ 0.
The upper exact sequence is identified with the Gysin sequence for πˆ : Eˆ → X .
Hence our assumption πˆ∗µ = 0 implies that µ ∈ H
3
Z/2(Eˆ) is carried to 0 ∈ E
2,1
∞ (πˆ),
so that an element in E3,0∞ (πˆ) hits µ. Let ν ∈ E
3,0
2 (πˆ) = H
3
Z/2(X) represent the
element. Because of the other assumption pˆ∗µ = 0 and the commutativity of
the diagram, the image of [ν] ∈ E3,0∞ (πˆ) under E
3,0
∞ (πˆ) → E
3,0
∞ (q), which is again
represented by ν ∈ E3,02 (q) = H
3
Z/2(X), is trivial. Notice that
E3,0∞ (q) = E
3,0
4 (q) = E
3,0
3 (q)/Im[d3 : E
0,2
3 (q)→ E
3,0
3 (q)],
E3,03 (q) = E
3,0
2 (q)/Im[d2 : E
1,1
2 (q)→ E
3,0
2 (q)],
E0,23 (q) = Ker[d2 : E
0,2
2 (q)→ E
2,1
2 (q)].
Hence we can express ν ∈ H3
Z/2(X) = E
3,0
2 (q) as
ν = d2(ξ
1,1) + d3(ξ
0,2)
by using some ξ1,1 ∈ E1,12 (q) = H
1
±(X) ⊕ H
1
±(X) and ξ
0,2 ∈ E0,12 (q) ⊂ H
0
Z/2(X).
We write ξ1,1 = (α, αˆ) ∈ H1±(X) ⊕ H
1
±(X). Now, the map E
p,q
2 (q) → E
p,q
2 (pˆ) of
spectral sequences carries the expression of ν above to
πˆ∗ν = d2(πˆ
∗α),
where the contribution from d3 disappears, because E
0,2
3 (pˆ) = 0. The spectral
sequence Ep,qr (pˆ) induces the Gysin sequence for pˆ : πˆ
∗E → Eˆ, so that we finally
get πˆ∗ν = d2(πˆ
∗α) = πˆ∗cR1 (E) ∪ πˆ
∗α. 
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Proposition 5.4. Let X be a space with Z/2-action, and (E, h) a pair on X. The
isomorphism class of a pair (Eˆ, hˆ) T-dual to (Eˆ, hˆ) is unique.
Proof. By definition, we have
cR1 (Eˆ) = π∗h, c
R
1 (E) = πˆ∗hˆ, c
R
1 (E)c
R
1 (Eˆ) = 0, p
∗h = pˆ∗hˆ.
Let (Eˆ′, hˆ′) be another pair T-dual to (E, h). Because cR1 (Eˆ) = π∗h = c
R
1 (Eˆ
′), Real
circle bundles Eˆ and Eˆ′ are isomorphic. Thus, we can assume Eˆ = Eˆ′. Applying
Lemma 5.3 to the difference hˆ′ − hˆ ∈ H3
Z/2(Eˆ), we get a ∈ H
1
±(X) such that
hˆ′ = hˆ+ πˆ∗(cR1 (E) ∪ a) = hˆ+ πˆ
∗(πˆ∗hˆ ∪ a).
Now, Lemma 5.2 completes the proof. 
5.3. The proof of Theorem 1.1. For the proof, we show a few lemmas. Given
Real circle bundles π : E → X and πˆ : Eˆ → X on a Z/2-space X , let RE → X and
REˆ → X be the associated Real line bundles. We denote by πS : S(RE⊕REˆ)→ X
the sphere bundle of the Real vector bundle RE ⊕ REˆ of rank 2, which we may
write S = S(RE ⊕REˆ). We have equivariant inclusions i : E → S and iˆ : Eˆ → S.
E ×X Eˆ
p ւ ց pˆ
E →
i
S(RE ⊕REˆ) ←
iˆ
Eˆ.
Lemma 5.5. There exists a Z/2-equivariant homotopy i ◦ p ∼ iˆ ◦ pˆ.
Proof. The same construction as in [9] applies: Without loss of generality, we can
assume that i and iˆ preserve the Hermitian structures. We then define
h˜ : (E ×X Eˆ)× [0, 1] −→ S(RE ⊕REˆ),
h˜(ξ, ξˆ, t) = ((cos
π
2
t)ξ, (sin
π
2
t)ξˆ),
which apparently has the required property. 
Given E and Eˆ as before, let πP : P (RE ⊕ REˆ) → X be the projective space
bundle. We may write P = P (RE ⊕REˆ) for brevity. The total space of the sphere
bundle πS : S → X gives rise to that of a Real circle bundle ̟ : S → P . It holds
πS = πP ◦̟. The inclusions i and iˆ induce sections r : X → P and rˆ : X → P of
πP , respectively, giving the commutative diagram:
E
i
−−−−→ S(RE ⊕REˆ)
iˆ
←−−−− Eˆ
π
y y̟ yπˆ
X
r
−−−−→ P (RE ⊕REˆ)
rˆ
←−−−− X.
Note that the Leray-Hirsch theorem for Real vector bundles [23] gives
H
∗(P (RE ⊕REˆ))
∼= H∗(X)[c˜]/(c˜2 − cR1 (RE ⊕REˆ)c˜+ c
R
2 (RE ⊕REˆ)),
where c˜ = cR1 (S(RE ⊕ REˆ)) ∈ H
2
±(P (RE ⊕ REˆ)) satisfies π
∗
P c˜ = 1, and we regard
H
∗(X) ⊂ H∗(P ) using the pull-back π∗P . Note also c
R
1 (E) = r
∗c˜ and cR1 (Eˆ) = rˆ
∗c˜.
Lemma 5.6. Let π : E → X and πˆ : Eˆ → X be Real circle bundles on a space X
with Z/2-action such that cR1 (E)c
R
1 (Eˆ) = 0.
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(a) There exists Th ∈ H3
Z/2(S(RE ⊕REˆ)) such that:
̟∗Th = −c˜+ π
∗
P (c
R
1 (E) + c
R
1 (Eˆ)).
(b) If Th′ and Th are as above, then Th′ − Th = π∗Sη for some η ∈ H
3
Z/2(X).
(c) If Th is as in (a), then it holds that:
(πS)∗Th = −1, π∗(i
∗Th) = cR1 (Eˆ), πˆ∗ (ˆi
∗Th) = cR1 (E), p
∗i∗Th = pˆ∗iˆ∗Th.
Proof. By the assumption, we have c˜(c˜−π∗P (c
R
1 (E)+c
R
1 (Eˆ))) = 0. Hence the Gysin
sequence for ̟ : S → P ensures the existence of Th, showing (a). For (b), there
is η˜ ∈ H3
Z/2(P ) such that Th
′ − Th = ̟∗η˜, again by the Gysin sequence. The
Leray-Hirsch theorem implies that H3
Z/2(P )
∼= H3
Z/2(X)⊕H
1
±(X), which allows the
expression η˜ = π∗P η + π
∗
P b ∪ c˜ by using some η ∈ H
3
Z/2(X) and b ∈ H
1
±(X). Since
̟∗c˜ = 0, we get π∗Sη = ̟
∗(η˜ − π∗P b ∪ c˜) = ̟
∗(η˜) = Th′ − Th. For (c), we have
(πS) ∗ Th = (πP )∗̟∗Th = −1. The naturality of the Gysin sequence gives
π∗(i
∗Th) = r∗(̟∗Th) = −c
R
1 (E) + c
R
1 (E) + c
R
1 (Eˆ) = c
R
1 (Eˆ),
and πˆ∗ (ˆi
∗Th) = cR1 (E) similarly. Finally, p
∗i∗Th = pˆ∗iˆ∗Th follows from Lemma
5.5 and the homotopy invariance of equivariant cohomology. 
Lemma 5.7. Let (E, h) be a pair on a space X with Z/2-action, and π : Eˆ → X a
Real circle bundle such that cR1 (Eˆ) = π∗h. Then there is Th ∈ H
3
Z/2(S(RE ⊕ REˆ))
such that
̟∗Th = −c˜+ π
∗
P (c
R
1 (E) + c
R
1 (Eˆ)), i
∗Th = h.
Proof. By the Gysin sequence for π : E → X , we have cR1 (E)c
R
1 (Eˆ) = 0. By
Lemma 5.6, we get Th′ ∈ H3
Z/2(S) such that ̟∗Th
′ = −c˜ + π∗P (c
R
1 (E) + c
R
1 (Eˆ)).
Since π∗(i
∗Th′ − h) = 0, there is η ∈ H3
Z/2(X) such that i
∗Th′ − h = π∗η. Then
Th = Th′ − π∗Sη has the required property. 
The proof of Theorem 1.1. We construct a pair (Eˆ, hˆ) T-dual to (E, h) as follows:
We define πˆ : Eˆ → X to be a Real circle bundle such that c1(Eˆ) = π∗h. We
have cR1 (E)c
R
1 (Eˆ) = 0 by the Gysin sequence for π : E → X , and get Th ∈
H3
Z/2(S(RE ⊕REˆ)) in Lemma 5.7. If we put hˆ = iˆ
∗Th, then (Eˆ, hˆ) is a pair T-dual
to (E, h) by Lemma 5.6. This completes (a) in Theorem 1.1, and (b) is already
shown as Proposition 5.4. For (c), let (E′, h′) be another pair on X , and (Eˆ′, hˆ′) a
pair T-dual to (E′, h′). The thing we show eventually is that: if (E, h) and (E′, h′)
are isomorphic, then so are (Eˆ, hˆ) and (Eˆ′, hˆ′). Let Φ : (E′, h′) → (E, h) be an
isomorphism. As long as (Eˆ, hˆ) is T-dual to (E, h), its isomorphism class is unique
by (b). We can say the same thing for (Eˆ′, hˆ′). Accordingly, we construct the
T-dual pairs in the following way: We construct (Eˆ, hˆ) as in the proof (a), so that
hˆ = iˆ∗Th by using a class Th such as in Lemma 5.7. In constructing (Eˆ′, hˆ′), we
can put Eˆ′ = Eˆ, because π∗h = π
′
∗h
′ by the naturality of the Gysin sequence. The
isomorphism Φ : E′ → E of Real circle bundles induces that of sphere bundles
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ΦS : S(RE′ ⊕REˆ)→ S(RE ⊕REˆ), fitting into the commutative diagram:
E′ ×X Eˆ
pˆ′
−−−−→ Eˆ
iˆ′
−−−−→ S(RE′ ⊕REˆ)
(Φ,1)
y ∥∥∥ yΦS
E ×X Eˆ
pˆ
−−−−→ Eˆ
iˆ
−−−−→ S(RE ⊕REˆ).
We put Th′ = Φ∗STh and hˆ
′ = (ˆi′)∗Th′. Then (Eˆ, hˆ′) is a pair T-dual to (E′, h′).
By construction hˆ′ = hˆ, so that (c) is proved. We can verify (d) readily. For
(e), it suffices to establish that: If (Eˆ, hˆ) is a pair T-dual to a given pair (E, h),
then a pair (E′, h′) T-dual to (Eˆ, hˆ) is isomorphic to the original pair (E, h). By
the characterization of T-dual pairs, we have cR1 (E) = c
R
1 (E
′). This allows us
to assume E = E′. By the characterization again, we have π∗(h
′ − h) = 0 and
further p∗(h′− h) = 0. Now, Lemma 5.3 and 5.2 imply that (E, h) and (E′, h′) are
isomorphic as pairs. 
For later convenience, we prove:
Lemma 5.8. Let X be a space with Z/2-action, (E, h) a pair on X and (Eˆ, hˆ) a
pair T -dual to (E, h). Then there exists Th ∈ H3
Z/2(S(RE ⊕RE′)) such that:
̟∗Th = −c˜+ π
∗
P (c
R
1 (E) + c
R
1 (Eˆ
′)), i∗Th = h, iˆ∗Th = hˆ.
Proof. By Lemma 5.7, we get Th′ ∈ H3
Z/2(S(RE ⊕ RE′)) such that
̟∗Th = −c˜+ π
∗
P (c
R
1 (E) + c
R
1 (Eˆ
′)), i∗Th = h.
Because (Eˆ, iˆ∗Th) is also T-dual to (E, h), we use Lemma 5.3 to have a ∈ H1±(X)
such that iˆ∗Th− hˆ = πˆ∗(cR1 (E) ∪ a). Then we can verify that
Th = Th′ − π∗S(c
R
1 (E) ∪ a)
has the required property. 
Remark 3. The cohomology class Th is our analogue of a Thom class in the sense
of [9]. The change of a sign is due to our convention.
5.4. The proof of Theorem 1.2. We begin with the case of X = pt. For the
trivial Real circle bundle E = Eˆ = S˜1, we have E×X Eˆ = S˜
1× S˜1 = T˜ 2. We write
S = S(RE ⊕REˆ) for short. As shown in Lemma 5.5, we have the homotopy
h˜ : T˜ 2 × [0, 1] −→ S, h˜(u, uˆ, t) = ((cos
π
2
t)u, (sin
π
2
t)uˆ),
Then, for any twist τ ∈ Twist0
Z/2(S), Corollary 3.4 constructs the isomorphism of
twists u(h˜) : p∗i∗τS → pˆ
∗iˆ∗τS . The isomorphism class of τ will be regarded as a
cohomology class [τ ] ∈ H3
Z/2(X ;Z)
∼= π0(Twist
0
Z/2(S)).
Lemma 5.9. In the notation above, let τ ∈ Twist0
Z/2(S) be any twist such that
(πS)∗[τ ] = −1. For any n ∈ Z, the following compositions of maps are bijective:
Ki
∗τ+n
Z/2 (S˜
1)
p∗
→ Kp
∗i∗τ+n
Z/2 (T˜
2)
u(h˜)∗
→ K pˆ
∗ iˆ∗τ+n
Z/2 (T˜
2)
pˆ∗
→ K iˆ
∗τ+n−1
± (S˜
1),
Ki
∗τ+n
± (S˜
1)
p∗
→ Kp
∗i∗τ+n
± (T˜
2)
u(h˜)∗
→ K pˆ
∗ iˆ∗τ+n
± (T˜
2)
pˆ∗
→ K iˆ
∗τ+n−1
Z/2 (S˜
1).
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Proof. Notice that S ∼= S˜1 ∧ S˜1 ∧ S1. This allows us to compute H3
Z/2(S)
∼= Z.
Hence the isomorphism class of τ is unique. Further, the construction of u(h˜) in
Corollary 3.4 is functorial with respect to twists. Thus, for the proof, we can choose
a particular τ constructed as follows: We put U0 = S\iˆ(S˜
1) and U1 = S\i(S˜
1).
In view of a handle body decomposition of S3 by two solid tori, we find that
U0 and U1 are equivariantly homotopic to S˜
1, and U0 ∩ U1 to T˜
2. We identify
an (isomorphism class of) equivariant line bundle on T˜ 2 with one on U0 ∩ U1.
Then the equivariant open cover {U0, U1} and an equivariant line bundle K → T˜
2
constitute an equivariant twist on S. Note that f : H3
Z/2(S) → H
3(S) is an
isomorphism. Thus, the choice K = H−1 provides a twist τ ∈ Twist0
Z/2(S) such
that (πS)∗[τ ] = −1, where H → T˜
2 is the equivariant line bundle constructed in
Subsection 4.3. Now, the twists i∗τ and iˆ∗τ on S˜1 have the same presentation as the
trivial twist 0, and so do p∗i∗τ and pˆ∗iˆ∗τ . Applying the construction in Corollary
3.4, we find that u(h˜) : 0 → 0 is realized by H−1 ∈ Aut(0) ∼= H2
Z/2(T˜
2). In the
presentation in Proposition 4.12, we have H = 1 − χ1χ2 and H
−1 = 1 + tχ1χ2.
Thus, Corollary 4.13 completes the proof. 
Lemma 5.10. The statement in Lemma 5.9 holds, upon forgetting Z/2-actions.
Proof. We can recover the K-ring K∗(T 2) by substituting t = 1 and σ = 0 to the
presentation of K∗(T˜ 2) in Proposition 4.12. Then Corollary 4.13 holds true, even
if the Z/2-actions are forgotten. Now, the argument in the proof of Lemma 5.9
applies without change. 
Suppose that pairs (E, h) and (Eˆ, hˆ) on X are T-dual to each other, and then
consider the following maps
Kh+n
Z/2 (E)
p∗
→ Kp
∗h+n
Z/2 (E ×X Eˆ)
∼= K
pˆ∗hˆ+n
Z/2 (E ×X Eˆ)
↓ pˆ∗
K
hˆ+πˆ∗W
Z/2
3 (E)+n−1
± (Eˆ)
∼= K hˆ+n−1± (Eˆ),
where the isomorphism in the upper line comes from p∗h = pˆ∗hˆ, and that in the
lower from W
Z/2
3 (πˆ
∗E) = πˆ∗(cR1 (E) ∪ t
1/2) = πˆ∗(πˆ∗hˆ ∪ t
1/2) and the equivariant
automorphism −1 : Eˆ → Eˆ. (Recall Proposition 2.14 and Lemma 5.2.) We denote
the composition of these maps as
T : Kh+n
Z/2 (E) −→ K
hˆ+n−1
± (Eˆ).
In the same way, we define T by exchanging Z/2 and ±. By construction, these T
are homomorphisms of K∗
Z/2(X)-modules. Further, they are compatible with the
K
∗(X)-module structures.
Strictly speaking, T above only makes sense up to automorphisms of twists
realizing h and hˆ: This is because the notation Kh+n
Z/2 (E) by using h ∈ H
3
Z/2(E)
rather than τ ∈ Twist0
Z/2(E) specifies the equivalence class of the group only, and
the equalities of third cohomology classes in the construction of T only specify
isomorphisms of twists up to automorphisms. Despite this ambiguity, we regard
T as a map in the following, with specifications of twists and their isomorphisms
representing third cohomology classes and their equalities understood.
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The proof of Theorem 1.2. Without loss of generality, we can assume that h and
hˆ are such as in Lemma 5.8 for some Th ∈ H3
Z/2(S). Let τS be a twist such that
[τS ] = Th. If we put τ = i
∗τS and τˆ = iˆ
∗τS , then Corollary 3.4 provides us
u(h˜) : p∗τ → pˆ∗τˆ . Now, it suffices to prove that the composition of
Ki
∗τ+n
Z/2 (E)
p∗
→ Kp
∗i∗τ+n
Z/2 (E ×X Eˆ)
u(h˜)∗
→ K pˆ
∗iˆ∗τ+n
Z/2 (E ×X Eˆ)
pˆ∗
→ K
iˆ∗τ−τ(πˆ∗E)+n−1
Z/2 (Eˆ)
is bijective, where we use the Real line bundle associated to πˆ∗E to define τ(πˆ∗E).
We write the composition of homomorphisms as
T : Kn(E) −→ Kˆn−1(Eˆ),
where K∗(E) = Kτ+∗
Z/2 (E) and Kˆ
∗(Eˆ) = K
τˆ−τ(πˆ∗E)+∗
Z/2 (Eˆ) to suppress notations.
For a finite Z/2-CW complex X , take a sequence of subcomplexes
Y1 ⊂ Y2 ⊂ Y3 ⊂ · · · ⊂ Yn = X
such that Y1 = e˜1 and Yi+1 = Yi ∪ e˜i+1, where e˜j are Z/2-cells. The Z/2-cell Y1
is, by definition, Z/2-homotopy equivalent to a point pt or ∂I˜ = Z/2. If Y1 ≃ pt,
then T is bijective by Lemma 5.9. If Y1 ≃ Z/2, then we take the quotient by the
Z/2-action to reduce the problem to the case where the Z/2-actions are forgotten.
Hence T is also bijective by Lemma 5.10. As a hypothesis of an induction, we
assume here that T is bijective on Yk. Notice that we can make sense of T for the
pair of spaces (Yk+1, Yk). Being a composition of natural maps, T induces a map
of the exact sequences for pairs:
K−n−1(Ek)→ K
−n(Ek+1, Ek) → K
−n(Ek+1) → K
−n(Ek) →K
−n+1(Ek+1, Ek)
↓ ↓ ↓ ↓ ↓
Kˆ−n(Eˆk) →Kˆ
−n−1(Eˆk+1, Eˆk)→Kˆ
−n−1(Eˆk+1)→Kˆ
−n−1(Eˆk)→ Kˆ
−n(Eˆk+1, Eˆk),
where Ek = E|Yk and Eˆk = Eˆ|Yk . By the excision axiom, we have
K−n(Ek+1, Ek) ∼= K
τ−n
Z/2 (E|e˜k+1 , E|∂e˜k+1)
∼= Kτ−n
Z/2 (E|(Z2/H)×edk+1 , E|(Z2/H)×∂edk+1 ).
In the above, we express the Z/2-cell e˜k+1 as e˜k+1 = (Z2/H) × e
dk+1 by using
a subgroup H ⊂ Z/2 and the usual dk+1-dimensional cell e
dk+1. Since edk+1 is
(equivariantly) contractible, the Real circle bundle on (Z2/H) × e
dk+1 is the pull-
back of one on Z2/H . Further, because H
3
Z/2(Z2/H) = 0, we get
K−n(Ek+1, Ek) ∼= K
−n−dk+1
Z/2 (E|Z2/H).
Similarly, noting that H2±(Z2/H) = 0 implies τ(E|Z2/H)
∼= τ(R1), we get
Kˆ−n−1(Eˆk+1, Eˆk) ∼= K
τ(R1)−n−1−dk+1
Z/2 (Eˆ|Z2/H)
∼= K
−n−1−dk+1
± (Eˆ|Z2/H).
Through these isomorphisms, we can identify
T : K−n(Ek+1, Ek) −→ Kˆ
−n−1(Eˆk+1, Eˆk)
with the map in Lemma 5.9 or 5.10. Thus, T is bijective on Yk+1 by the five lemma,
and so is on X by induction. 
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5.5. Example. As a simple but non-trivial example of topological T-duality for
Real circle bundles, we consider X = S1, the circle with trivial Z/2-action. Its
cohomology is already calculated in Subsection 2.7.
Let π0 : E0 → S
1 be the trivial Real circle bundle E0 = S
1×S˜1, and π1 : E1 → S
1
the non-trivial one whose Chern class c = cR1 (E1) generates H
2
±(S
1) = Z/2. A part
of the Gysin sequence for E0 is
H3
Z/2(S
1)
π∗0−−−−−−→
injective
H3
Z/2(E0)
π0∗−−−−−−−→
surjective
H2±(S
1),
∥∥∥ ∥∥∥ ∥∥∥
Z2t
1
2 c Z2π
∗
0(t
1
2 c)⊕ Z2h0 Z2c,
where we choose h0 ∈ H
3
Z/2(E0) such that π0∗h0 = c
R
1 (E1). A part of the Gysin
sequence for E1 is
H3
Z/2(S
1)
π∗1−−−−−→
trivial
H3
Z/2(E1)
π1∗−−−−−−→
bijective
H2±(S
1).
∥∥∥ ∥∥∥ ∥∥∥
Z2t
1
2 c Z2h1 Z2c,
where h1 ∈ H
3
Z/2(E1) is such that π1∗h1 = c.
Then we find the following T-dual relations of pairs:
(1) (E0, 0)←→ (E0, 0),
(2) (E0, π
∗
0(t
1/2c))←→ (E0, π
∗
0(t
1/2c)),
(3) (E0, h0)←→ (E1, 0),
(4) (E0, h0 + π
∗(t1/2c))←→ (E1, 0),
(5) (E1, h1)←→ (E1, h1).
Note that the action of t1/2c ∈ H3
Z/2(S
1) relates the pairs (1) with (2), and similarly
(3) with (4). Note also that (E0, h0) and (E0, h0+π
∗(t1/2c)) are isomorphic as pairs.
Now, computations by using the Mayer-Vietoris sequence give us:
The K-groups of E0:
• h = 0,
K0
Z/2(E0)
∼= R⊕R/J, K1Z/2(E0)
∼= R⊕R/J,
K0±(E0)
∼= R⊕R/J, K1±(E0)
∼= R⊕R/J.
• h = π∗0(t
1/2c),
Kh+0
Z/2 (E0)
∼= R/I, Kh+1
Z/2 (E0)
∼= R/J ⊕ I/2I,
Kh+0± (E0)
∼= R/J ⊕ I/2I, Kh+1± (E0)
∼= R/I.
• h = h0 or h = h0 + π
∗
0(t
1/2c),
Kh+0
Z/2 (E0)
∼= R/I ⊕R/J, Kh+1
Z/2 (E0)
∼= R,
Kh+0± (E0)
∼= R/I ⊕R/J, Kh+1± (E0)
∼= R.
The K-groups of E1:
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• h = 0,
K0
Z/2(E1)
∼= R, K1Z/2(E1)
∼= R/I ⊕R/J,
K0±(E1)
∼= R, K1±(E1)
∼= R/I ⊕R/J.
• h = h1,
Kh+0
Z/2 (E1)
∼= R/I, Kh+1
Z/2 (E1)
∼= R/I,
Kh+0± (E1)
∼= R/I, Kh+1± (E1)
∼= R/I.
As another example, we can take the 2-dimensional sphere S2 = S1 ∧ S˜1 = CP 1
with the Z/2-action τ([z : w]) = [z¯, w¯]. The Real circle bundles on this sphere,
which are lens spaces, can be constructed by gluing two solid tori along the torus
T˜ 2. Their K-groups are computed by studying the action of the mapping class
group SL(2,Z) of T˜ 2 on K∗(T˜ 2), but we leave the detail to the interested readers.
5.6. Universal pair. In the work of Bunke and Schick [9], the ‘universal pair’
plays a key role. We here generalize their construction. This is unnecessary to the
aim of the present paper logically, but would be interesting in its own right.
Let ES˜1 → BS˜1 be the universal Real circle bundle. For any Z/2-space X ,
we can identify H2±(X) with the equivariant homotopy classes [X,BS˜
1]Z/2 of equi-
variant maps X → BS˜1, according to Proposition 2.13. We define H3
Z/2 to be
H3
Z/2 = Map(EZ2,K(Z, 3)), where EZ2 is the total space of the universal Z/2-
bundle, and K(Z, 3) is the Eilenberg-MacLane space. If we let Z/2 act on H3
Z/2
through the Z/2-action on EZ2 and the trivial action on K(Z, 3), then H
3
Z/2 serves
as a representing space of the equivariant cohomology H3
Z/2:
H3
Z/2(X) = H
3(EZ2 ×Z2 X)
∼= [EZ2 ×Z2 X,K(Z, 3)]
= [EZ2 ×X,K(Z, 3)]Z/2 ∼= [X,Map(EZ2,K(Z, n))]Z/2 ∼= [X,H
3
Z/2]Z/2.
We denote by L˜H3
Z/2 = Map(S˜
1,H3
Z/2) the free loop space. We let Z/2 act on a
loop γ : S˜1 → H3
Z/2 by (τγ)[u] = τ(γ[u
−1]). Note that S˜1 also acts on L˜H3
Z/2 by
the reparametrization of loops: (Rζγ)[u] = γ[ζu] for ζ ∈ S˜
1. Now, we let ζ ∈ S˜1
act on BS˜1 × L˜H3
Z/2 by (ξ, γ) 7→ (ξζ
−1, Rζγ), and take the quotient to define
R = (ES˜1 × L˜H3
Z/2)/S˜
1.
We let π : E → R be the pull-back of the universal Real circle bundle under
the map R → BS˜1 induced from the projection Bπ : ES˜1 → BS˜1. We then
construct h : E → H3
Z/2 as follows: An element in E is described as ([ξ, γ], η),
where [ξ, γ] ∈ R and η ∈ ES˜1 are such that Bπ(ξ) = Bπ(η). Using the unique
element u ∈ S˜1 such that ξu = η, we put h([ξ, γ], η) = γ[u]. This map is well-defined
and Z/2-equivariant. By the representing property of H3
Z/2, the equivariant map h
represents a class in H3
Z/2(E), which we again denote by h.
Now, a straight generalization of argument in [9] proves that:
Proposition 5.11. For any pair (E, h) on a space X with Z/2-action, there is an
equivariant map φ : X → R such that φ∗(E, h) is isomorphic to (E, h). Such an
equivariant map is unique up to equivariant homotopy.
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Other results in [9] can be generalized: For instance, c = cR1 (E) and cˆ = π∗h
constitute a basis of H2±(R) such that ccˆ = 0. Moreover, using the basis, we get
the following bases of H∗(R) and H∗(E) respecting the ring structures:
n = 0 n = 1 n = 2 n = 3 n = 4
Hn
Z/2(R) Z 0 Z2t Z2t
1
2 c⊕ Z2t
1
2 cˆ Zc2 ⊕ Zcˆ2 ⊕ Z2t
2
Hn(R) Z 0 Zf ′(c)⊕ Zf ′(cˆ) 0 Zf(c2)⊕ Zf(cˆ2)
Hn±(R) 0 Z2t
1
2 Zc⊕ Zcˆ Z2t
3
2 Z2tc⊕ Z2tcˆ
n = 0 n = 1 n = 2 n = 3 n = 4
Hn
Z/2(E) Z 0 Z2t Zh⊕ Z2t
1
2π∗(cˆ) Zπ∗(cˆ)2 ⊕ Z2t
2
Hn(E) Z 0 Zf ′(π∗(c)) Zf(h) Zf(π∗(cˆ)2)
Hn±(E) 0 Z2t
1
2 Zπ∗(cˆ) Z2t
3
2 Z2π
∗(tcˆ)⊕ Z2t
1
2h
Though will not be detailed anymore, the further generalization of the argument
in [9] provides us another approach to Theorem 1.1.
5.7. A possible topological T-duality. To close, we discuss a possible T-duality
from a purely mathematical viewpoint: In our main theorem, a Real circle bundle
appears as a T-dual of another Real circle bundle. There would exist a topological
T-duality such that an equivariant circle bundle appears as a T-dual of another
equivariant circle bundle and equivariant cohomology is involved only. (Our proof
would be directly generalized to, at least, the Z/2-equivariant case.) In these duali-
ties, the ‘Real’ world and the ‘equivariant’ world are parallel. A question is whether
a duality mixing them is possible or not. A trial to keep track with the consistency
with the Gysin sequences leads us to:
Conjecture 5.12. For any Z/2-space X, the following would hold true.
(a) For a pair (E, h) consisting of a Z/2-equivariant circle bundle π : E → X
and h ∈ H3±(E), there exists a pair (Eˆ, hˆ) consisting of a Real circle bundle
πˆ : Eˆ → X and hˆ ∈ H3±(Eˆ) such that
cR1 (Eˆ) = π∗h, c
Z/2
1 (E) = πˆ∗hˆ, c
Z/2
1 (E) ∪ c
R
1 (Eˆ) = 0, p
∗h = pˆ∗hˆ,
where c
Z/2
1 (E) ∈ H
2
Z/2(X) is the equivariant Chern class of E.
(b) Conversely, for a pair (Eˆ, hˆ) consisting of a Real circle bundle πˆ : Eˆ → X
and hˆ ∈ H3±(Eˆ), there exists a pair (E, h) consisting of a Z/2-equivariant
circle bundle π : E → X and h ∈ H3±(E) satisfying the relations in (a).
(c) The assignments (E, h) 7→ (Eˆ, hˆ) in (a) and (Eˆ, hˆ) 7→ (E, h) in (b) induce
maps on the isomorphism classes of pairs, inverse to each other.
We call (E, h) and (Eˆ, hˆ) as above T-dual pairs.
In view of the conjecture above, K-theories are to be twisted by a class in H3±.
An example of a K-theory admitting such a twist is KR-theory. Actually, in a
recent work of Moutuou [28], the notion of Rg (Real graded) S1-central extension,
or equivalently Rg bundle gerbes is developed as a twisting of KR-theory. A partic-
ular type of these geometric objects on a space X with Z/2-action is classified by
H3±(X)
∼= H3
Z/2(X ;Z(1)). Note that an Rg bundle gerbe on a Z/2-space is essen-
tially equivalent to a bundle gerbe with Jandl structure [32], whose role as a twist
is studied in [13]. Twisted KR-theory is also discussed in [6, 17, 19].
Now, writing KRh+n(X) for the KR-theory twisted by h ∈ H3±(X), we propose:
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Conjecture 5.13. If (E, h) and (Eˆ, hˆ) are T-dual pairs, then we would have:
KRh+n(E) ∼= KRhˆ+n−1(Eˆ).
If Z/2 acts on X freely, then Conjecture 5.12 holds true, since the pairs of our
interest give rise to T-duality backgrounds formulated in a paper of Baraglia [3].
Note that, in this case, Conjecture 5.13 is compatible with the conjecture for T-dual
backgrounds stated in the paper.
For any space X with Z/2-action, we have the trivial equivariant circle bundle
E = X × S1, and the trivial Real circle bundle Eˆ = X × S˜1. Here S1 is the
circle with the trivial Z/2-action, and S˜1 is the circle S1 ⊂ C with the Z/2-action
u 7→ u¯ = u−1. Clearly, (E, 0) and (Eˆ, 0) are T-dual. For these pairs, Conjecture
5.13 holds true, since we have (cf. [22]):
KRn(E) ∼= KRn(X)⊕KRn−1(X), KRn(Eˆ) ∼= KRn(X)⊕KRn+1(X).
A generalization of our methods would have a potential to prove the conjectures,
which should be the theme of a future work.
Appendix A. Classification of Real circle bundles
We here give a proof Proposition 2.13 supplying some details to Kahn’s original
proof [23]. The way to the classification is parallel to that of equivariant line bundles
given in [8]. Since Real line bundles and Real circle bundles are essentially the same,
we are to classify Real circle bundles.
A.1. Simplicial space. A simplicial space X• is a sequence of spaces {Xn}n=0,1,...
equipped with the ‘face maps’ ∂i : Xn → Xn−1, (i = 0, . . . , n) and the ‘degeneracy
maps’ si : Xn−1 → Xn, (i = 0, . . . , n) obeying the ‘simplicial relations’:
∂i∂j = ∂j−1∂i (i < j), ∂isj = sj−1∂i (i < j), ∂jsj = 1 = ∂j+1sj ,
∂isj = sj∂i−1 (i > j + 1), sisj = sj+1si (i ≤ j).
The simplicial space Z•2×X we are to concern below is one associated to a space
X with Z/2-action. This is defined as a sequence of spaces {(Z2)
n × X}n=0,1,....
The degeneracy and the face maps are defined by
∂i(g1, . . . , gn, x) =


(g2, . . . , gn, x), (i = 0)
(g1, . . . , gigi+1, . . . , gn, x), (i = 1, . . . , n− 1)
(g1, . . . , gn−1, gnx), (i = n)
si(g1, . . . , gn, x) = (g1, . . . , gi−1, 1, gi, . . . , gn, x),
where we write gx ∈ X for the action of g ∈ Z2 = {±1} on x ∈ X .
A.2. Sheaf on simplicial space. A sheaf S (of abelian groups) on a simplicial
space X• consists of a sequence of sheaves Sn on Xn, (n = 0, 1, 2, . . .) together
with homomorphisms δi : ∂
−1
i Sn−1 → Sn, (i = 0, . . . , n) and σi : s
−1
i Sn+1 → Sn
compatible with the simplicial relations.
For example, an abelian groupA defines the sheaf ofA-valued functions A = AXn
on each Xn. The inverse image sheaves ∂
−1
i AXn−1 and s
−1
i AXn+1 are isomorphic
to AXn in a canonical way. If we set δi and σi to be the identity map under the
identifications, then A• = {AXn} is a sheaf on X•. In the similar way, we get the
constant sheaf A• by considering locally constant functions.
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In the case of the simplicial space Z•2 ×X associated to an action of Z/2 on X ,
we can ‘twist’ the sheaf A• by means of an example of a twisting function [26]. For
n ≥ 1, we define a map ǫn : Z
n
2 ×X → Z2 by
ǫn(g1, . . . , gn, x) = g1.
These maps satisfy the relations
ǫn · ∂
∗
0ǫn−1 = ∂
∗
1ǫn−1, ∂
∗
i ǫn−1 = ǫn, (i ≥ 2)
s∗0ǫn = 1, s
∗
i ǫn = ǫn−1. (i ≥ 1)
Now, we put A˜
Z
n
2×X
= A
Z
n
2×X
. Regarding −1 ∈ Z2 = {±1} as the automorphism
−1 : A → A of taking the additive inverse, we define δ˜i : ∂
−1
i A˜Zn−12 ×X
→ A˜
Z
n
2×X
and σ˜i : ∂
−1
i A˜Zn+12 ×X
→ A˜
Z
n
2×X
to be
δ˜i =
{
ǫn ◦ δi, (i = 0)
δi. (i 6= 0)
σ˜i =
{
ǫn ◦ σi, (i = 0)
σi. (i 6= 0)
Explicitly, under the identification ∂−1i A˜Zn−12 ×X
∼= A˜Zn2×X , we have
(δ˜1f)(g1, . . . , gn, x) = g1 · f(g1, . . . , gn, x)
for any function f ∈ A˜
Z
n
2×X
(U) on an open set U ⊂ Zn2 ×X . The homomorphisms
δ˜i and σ˜i are compatible with the simplicial relations, and hence we get a new sheaf
A˜• on Z
•
2 ×X . The same construction applies to A•, yielding A˜•.
A.3. Sheaf Cohomology. To a sheaf S• on a simplicial spaceX•, we can associate
the cohomology of X• with coefficients in S•. A formulation uses an injective
resolution of S•, but we adapt the Cˇech cohomology construction.
An open cover U• of a simplicial space X• consists of a sequence of open covers
U(n) = {U
(n)
α }α∈A(n) of Xn such that: (i) the index sets A
(n) form a simplicial set;
and (ii) the following relations of inclusions hold true:
∂i(U
(n+1)
α ) ⊂ U
(n)
∂i(α)
, si(U
(n−1)
α ) ⊂ U
(n)
si(α)
.
Given an open cover U• and a sheaf S•, we have a double complex:
Ki,j = Cj(U(i),Si) =
∏
α1,...,αj∈A(i)
Γ(U (i)α1 ∩ · · · ∩ U
(i)
αj ,Si).
A differential on K∗,∗ is the usual Cˇech coboundary δ : Ki,j → Ki,j+1. The other
differential ∂ : Ki,j → Ki+1,j is given by ∂ =
∑i+1
k=0(−1)
k∂∗k , where ∂
∗
k is the
abbreviation of the composition of the natural map Si → ∂
−1
k Si and ∂˜k : ∂
−1
k Si →
Si+1. These two differential combine to give a differential D on the total complex
of Cn(U•;S•) = ⊕i+j=nK
i,j . The convention of this paper is that D acts on the
component Ki,j by D = ∂ + (−1)iδ. We denote the cohomology of the complex
above as H∗(U•;S•).
Now, the cohomology of X• with coefficients in S• is defined by
Hn(X•;S•) = lim−→
Hn(U•;S•),
where, as usual, the limit is taken with respect to the direct system formed by open
covers U• of X• and their refinements.
Now, by modifying an argument in [23], we can find a relation between a sheaf
cohomology on Z•2 ×X and one on EZ2 ×Z2 X as follows: A Z/2-equivariant sheaf
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S on X can be defined as a sheaf S on X equipped with a lift τ−1S → S of the Z/2-
action [14]. To such an equivariant sheaf, we can associate a sheaf S• on Z
•
2 ×X .
Then, since EZ2 is contractible, the second projection π : EZ2 ×X → X induces
an isomorphism
H∗(Z•2 ×X ;S•)
∼= H∗(Z•2 × (EZ2 ×X);π
∗S•).
Further, since Z/2 acts on EZ2 ×X freely, we get an isomorphism
H∗(Z•2 × (EZ2 ×X);π
∗S•) ∼= H
∗(EZ2 ×Z2 X ;S
∗).
In the above, the sheaf S∗ is associated to U 7→ S∗(U) = π∗S(V ) for an open set
U ⊂ EZ2 ×Z2 X , where V ⊂ X is an open set such that p
−1(U) =
⊔
g∈Z2
g(V ) and
p : EZ2 ×X → EZ2 ×Z2 X is the projection.
As a particular case, we consider the equivariant sheaf Z(n) on X , where the lift
τ−1Z(n)→ Z(n) is to multiply (−1)n. Upon the identification of sheaf cohomology
and singular cohomology on EZ2×Z2X , we eventually get the natural isomorphisms
H∗(Z•2 ×X ;Z•)
∼= H∗Z/2(X ;Z(0)), H
∗(Z•2 ×X ; Z˜•)
∼= H∗Z/2(X ;Z(1)).
A.4. Vanishing.
Lemma A.1. For any integer n ≥ 1, the following holds true:
(a) Hn(Z•2 ×X ; R˜•) = 0.
(b) Hn(Z•2 ×X ; S˜
1
•)
∼= Hn+1(Z•2 ×X ; Z˜•).
Proof. For (a), a filtration of the double complex defining H∗(Z•2 ×X ; R˜•) induces
a spectral sequence
Ep,q2 = H
p
group(Z2;H
q(X ; R˜)) =⇒ H∗(Z•2 ×X ; R˜•),
Since Hq(X ;R) = 0 for q ≥ 1, the spectral sequence degenerates at E2, and we get
Hpgroup(Z2;Map(X, R˜))
∼= Hp(Z•2 ×X ; R˜•).
For n ≥ 1 and f ∈ Cngroup(Z2;Map(X, R˜)) we define f˜ ∈ C
n−1
group(Z2;Map(X, R˜)) by
f˜(g1, . . . , gn−1) =
1
2
{f(1, g1, . . . , gn−1)− f(−1, g1, . . . , gn−1)}.
If f is a group cocycle, i.e. ∂f = 0, then ∂f˜ = f , which completes the proof of (a).
Now, the long exact sequence associated to the short exact sequence of sheaves
0 −→ Z˜• −→ R˜•
exp 2πi(·)
−→ S˜
1
• −→ 0
leads to the natural isomorphism in (b). 
As a simple application of the lemma above, we here prove:
Proposition A.2. The homomorphism a : [X, S˜1]Z/2 → H
1
±(X) introduced in
Subsection 5.1 is bijective.
Proof. Since H1(Z•2 ×X ; Z˜•)
∼= H1±(X), we prove that the homomorphism
a : [X, S˜1]Z/2 −→ H
1(Z•2 ×Z2 X ; Z˜•).
constructed in the same way as in Subsection 5.1 is bijective. For this aim, we
notice the exact sequence of sheaves
0 −→ Z˜• −→ R˜• −→ S˜
1
• −→ 0.
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By the help of Lemma A.1, we get the exact sequence
Map(X, R˜)Z/2 −→ Map(X, S˜
1)Z/2 −→ H
1(Z•2 ×X ; Z˜•) −→ 0,
where the subscripts Z/2 mean that we are considering Z/2-equivariantmaps. Upon
taking the equivariant homotopy, the exact sequence above further induces
[X, R˜]Z/2 −→ [X, S˜
1]Z/2
α
−→ H1(Z•2 ×X ; Z˜•) −→ 0.
An inspection by constructing a basis of H1(Z•2× S˜
1; Z˜•) shows that α above agrees
with a, so that a is surjective. Because [X, R˜]Z/2 = 0 clearly, a is injective. 
A.5. Classification.
Lemma A.3. The following notions are equivalent.
(a) A Real circle bundle π : P → X,
(b) A principal S1-bundle π : P → X equipped with a fiber preserving map
φ : ∂∗0P → ∂
∗
1P on Z2 ×X such that:
• φ(pu) = φ(p)uǫ1(g,x) for (g, x) ∈ Z2 ×X, p ∈ ∂
∗
0P |(g,x) and u ∈ S
1.
• The following diagram is commutative:
∂∗0∂
∗
0P
∂∗0φ−−−−→ ∂∗0∂
∗
1P
∼=
−−−−→ ∂∗2∂
∗
0P
∼=
y y∂∗2φ
∂∗1∂
∗
0P
∂∗1φ−−−−→ ∂∗1∂
∗
1P
∼=
−−−−→ ∂∗2∂
∗
1P.
Proof. Given a Real circle bundle P , we express ∂∗0P and ∂
∗
1P explicitly:
∂∗0P = {(g, x, p) ∈ Z2 ×X × P | x = π(p)},
∂∗1P = {(g, x, p) ∈ Z2 ×X × P | gx = π(p)}.
Using the Z/2-action Z2 × P → P , ((g, p) 7→ gp), we define φ : ∂
∗
0P → ∂
∗
1P
by φ(g, x, p) = (g, x, gp). Then φ satisfies the properties in (b). Performing the
construction above in the converse way, we can recover from φ in (b) a Z/2-action
on P so as to be a Real circle bundle. 
Proposition A.4. For any space X with Z/2-action, the group of isomorphism
classes of Real circle bundles on X is isomorphic to H1(Z•2 ×X ; S˜
1
•).
Proof. Suppose that a Real circle bundle π : P → X is given. In the same way as
in [1], such a bundle is of locally trivial. Hence we can choose an open cover U• of
Z•2 ×X and local sections sα : U
(0)
α → P |U(0) . We define g
(0)
α0α1 and g
(1)
α0 by
g(0)α0α1 : U
(0)
α0 ∩ U
(0)
α1 → S
1, sα1 = sα0g
(0)
α0α1 ,
g(1)α0 : U
(1)
α0 → S
1, φ ◦ (∂∗0s)α0 = (∂
∗
1s)α0g
(1)
α0 ,
where φ is as in Lemma A.3. We can verify (g
(0)
α0α1 , g
(1)
α0 ) ∈ C
1(U•; S˜
1
•) is a cocycle.
Its cohomology class c(P ) in H1(Z2×X ; S˜
1
•) is seen to be independent of the choice
of local sections sα and the open cover U
•. Further, the assignment P → c(P )
induces a homomorphism c from the group of isomorphism classes of Real circle
bundles. Now, it is easy to see that c(P ) = 0 for the trivial Real circle bundle,
i.e. P = X × S˜1 with the Z/2-action (x, u) 7→ (τ(x), u−1). Hence c is injective.
Conversely, given a cohomology class c in H1(Z2 × X ; S˜
1
•), we represent it as a
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Cˇech cocycle (g
(0)
α0α1 , g
(1)
α0 ) ∈ C
1(U•; S˜
1
•). As usual, we use g
(0)
α0α1 as a transition
function to construct a principal S1-bundle π : P → X . We then use g
(1)
α0 to
construct a bundle map φ : P → P so that P gives rise to a Real circle bundle. By
construction, we have c(P ) = c, so that c is surjective. 
Recalling Lemma A.1, we finally get:
Corollary A.5. For any space X with Z/2-action, the group of isomorphism
classes of Real circle bundles on X is isomorphic to H2
Z/2(X ;Z(1))
∼= H2±(X).
Notice that the cohomology class c(P ) ∈ H1(Z•2×X ; S˜
1
•) classifying a Real circle
bundle P → X corresponds to cR1 (P ) ∈ H
2
±(X). This is because f
′(cR1 (P )−c(P )) =
0 generally and f ′ : H2±(CP
∞)→ H2(CP∞) is bijective.
Acknowledgements. I would like to thank D. Tamaki for his interest in my work,
valuable discussions and particularly the way to construct a classifying space for
equivariant cohomology. The author’s research is supported by the Grant-in-Aid
for Young Scientists (B 23740051), JSPS.
References
[1] M. F. Atiyah, K-theory and reality. Quart. J. Math. Oxford Ser. (2) 17 1966 367–386.
[2] M. F. Atiyah and and M. Hopkins, A variant of K-theory: K±. Topology, geometry and
quantum field theory, 5–17, London Math. Soc. Lecture Note Ser., 308, Cambridge Univ.
Press, Cambridge, 2004.
[3] D. Baraglia, Conformal Courant algebroids and orientifold T-duality. Int. J. Geom. Methods
Mod. Phys. 10 (2013), no. 2, 1250084, 35 pp.
[4] D. Baraglia, Topological T-duality for general circle bundles. Pure Appl. Math. Q. (to ap-
pear.) arXiv:1105.0290.
[5] P. Bouwknegt, J. Evslin and V. Mathai, T-duality: topology change from H-flux. Comm.
Math. Phys. 249 (2004), no. 2, 383–415.
[6] V. Braun and B. Stefanski, jr., Orientifolds and K-theory. arXiv:hep-th/0206158
[7] K. S. Brown, Cohomology of groups. Corrected reprint of the 1982 original. Graduate Texts
in Mathematics, 87. Springer-Verlag, New York, 1994.
[8] J.-L. Brylinski, Gerbes on complex reductive Lie groups. arXiv:math/0002158.
[9] U. Bunke and T. Schick, On the topology of T -duality. Rev. Math. Phys. 17 (2005), no. 1,
77–112.
[10] D. S. Freed, M. J. Hopkins and C. Teleman, Loop groups and twisted K-theory I. J. Topol.
4 (2011), no. 4, 737–798.
[11] D. S. Freed, M. J. Hopkins and C. Teleman, Consistent orientation of moduli spaces. The
many facets of geometry, 395–419, Oxford Univ. Press, Oxford, 2010.
[12] M. R. Gaberdiel and B. Stefan´ski, Jr., Dirichlet branes on orbifolds. Nuclear Phys. B 578
(2000), no. 1-2, 58–84.
[13] K. Gawe¸dzki, R. R. Suszek, K. Waldorf, Bundle gerbes for orientifold sigma models. Adv.
Theor. Math. Phys. 15 (2011), no. 3, 621–687.
[14] A. Grothendieck, Sur quelques points d’alge`bre homologique. Toˆhoku Math. J. (2) 9 1957
119–221.
[15] A. Dabholkar, Lectures on orientifolds and duality. arXiv:hep-th/9804208.
[16] P. Deligne, The´orie de Hodge. III. Inst. Hautes E´tudes Sci. Publ. Math. No. 44 (1974), 5–77.
[17] J. Distler, D. S. Freed and G. W. Moore, Orientifold pre´cis. Mathematical foundations of
quantum field theory and perturbative string theory, 159–172, Proc. Sympos. Pure Math.,
83, Amer. Math. Soc., Providence, RI, 2011.
[18] P. Donovan and M. Karoubi, Graded Brauer groups and K-theory with local coefficients.
Inst. Hautes E´tudes Sci. Publ. Math. No. 38 1970 5–25.
[19] C. Doran, S. Mendez-Diez and J. Rosenberg, T-duality For Orientifolds and Twisted KR-
theory. arXiv:1306.1779.
A VARIANT OF K-THEORY AND TOPOLOGICAL T-DUALITY 49
[20] A. Hattori and T. Yoshida, Lifting compact group actions in fiber bundles. Japan. J. Math.
(N.S.) 2 (1976), no. 1, 13–25.
[21] J.-C. Hausmann, T. Holm and V. Puppe, Conjugation spaces. Algebr. Geom. Topol. 5
(2005), 923–964.
[22] K. Hori, D-branes, T -duality, and index theory. Adv. Theor. Math. Phys. 3 (1999), no. 2,
281–342.
[23] B. Kahn, Construction de classes de Chern e´quivariantes pour un fibre´ vectoriel re´el. Comm.
Algebra 15 (1987), no. 4, 695–711.
[24] H. B. Lawson, Jr. and M.-L. Michelsohn, Spin geometry. Princeton Mathematical Series,
38. Princeton University Press, Princeton, NJ, 1989.
[25] J. P. May, Equivariant homotopy and cohomology theory. With contributions by M. Cole,
G. Comezan˜a, S. Costenoble, A. D. Elmendorf, J. P. C. Greenlees, L. G. Lewis, Jr., R. J.
Piacenza, G. Triantafillou, and S. Waner. CBMS Regional Conference Series in Mathematics,
91. Published for the Conference Board of the Mathematical Sciences, Washington, DC; by
the American Mathematical Society, Providence, RI, 1996.
[26] J. P. May, Simplicial objects in algebraic topology. Reprint of the 1967 original. Chicago
Lectures in Mathematics. University of Chicago Press, Chicago, IL, 1992.
[27] S. Mendez-Diez and J. Rosenberg, K-theoretic matching of brane charges in S- and U-
duality. Adv. Theor. Math. Phys. 16 (2012), no. 6, 1591–1618.
[28] Moutuou, Twisted groupoid KR-Theory, Ph.D. thesis, Universite´ de Lorraine-Metz, and
Universita¨ Paderborn, 2012.
[29] W. Pitsch and J. Scherer, Conjugation spaces and equivariant Chern classes Bull. Belg.
Math. Soc. Simon Stevin 20 (2013), no. 1, 77–90.
[30] J. Rosenberg, Continuous-trace algebras from the bundle theoretic point of view. J. Austral.
Math. Soc. Ser. A 47 (1989), no. 3, 368–381.
[31] J. Rosenberg, The Ku¨nneth Theorem in equivariant K-theory for actions of a cyclic group
of order 2. Algebr. Geom. Topol. 13 (2013), no. 2, 1225–1241.
[32] U. Schreiber, C. Schweigert and K. Waldorf, Unoriented WZW models and holonomy of
bundle gerbes. Comm. Math. Phys. 274 (2007), no. 1, 31–64.
[33] G. Segal, Equivariant K-theory. Inst. Hautes E´tudes Sci. Publ. Math. No. 34 1968 129–151.
[34] A. Sen, Duality and orbifolds. Nuclear Phys. B 474 (1996), no. 2, 361–375.
[35] E. H. Spanier, Algebraic topology. Corrected reprint. Springer-Verlag, New York-Berlin,
1981.
[36] C. Vafa, Lectures on Strings and Dualities. arXiv:hep-th/9702201.
[37] E. Witten, D-branes and K-theory. J. High Energy Phys. 1998, no. 12, Paper 19, 41 pp.
(electronic).
Department of Mathematical Sciences, Shinshu University, 3–1–1 Asahi, Matsumoto,
Nagano 390-8621, Japan.
E-mail address: kgomi@math.shinshu-u.ac.jp
